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Unbounded Orbits

So far in or discussion of Two-body syters , we
have focused a boundedorbits. We will now

examine unbounded obits
,
which will lead us

to the top of scating & collision thery

Recall the solution for a keder obit we

ceiral force law Fcr1 = -U/r ,

ries=Fecosy

We saw for E21 => ECO and the orbit is bounded

Now we turn to EL1
,
which from the molysis

on the energy of the system,

E =(1)

Notice thatE= 1 is a transition
,
with E=O.

For E = 1
, 1 + Ecosy =0 for : IT

so
, y
-> In = v - 0



So
,
the system is unbonded and approaches 0 .

conventing to Cartesian coordings
,

we find

y2 = c - 2x (parabolal

If - > 1 (EX0) the decoder unishes

when 1 + EcosCrax = O

So
,

as 4+ Prox - --> 0 , & theabit

is confined between angles - Prox < 4: Yax

this is a hymbolic geonty,

Es
with X

,1, 8 inters of E & C (exercise

parabola (t = 1)

circle CM

ellipse E=0

(o<t < 1)

hybola (ET1)



Scattering
The previous example is part of a larger concept
called scatering . In a scattering process, a

partich (or projectile approaches a other patich
lor target from "infinitely" far away .

If there

is a partial argy Urs between the projectile
& target (similar results hold for cost invections)

,

then the projectile is deflected.

The angle of which it is deflected is called

the scattering angle O 7

repulsive Force
M

Projective -
O

>
1 > -

b b
O

W ~

target L

An agle O =0 => No scattering attractive S

O = => Max scattering face

of( Headhuntina



Another useful quantity is the impotparante b
.

which is the perpendicular distance from the projectiles

incoming straight line poth to a paralled axis through
the targets cate.

=> b = diface of closest approach of there were

no face .

Scatering a Collisin theory is especially important in

particle & nuclear physics , where we learn about

substanic faces for collide experiments .

Generally , O is easily measured
,
but6

is not
.

Two perspectives :

know intration - calwide be pedic o

Don't know intration => Measure & => determine b

To effectively do this , we usually do not consider

single scatering experiment, but many projectiles on a

bunch of targets - GetProbabilitic deternation .



Suppose we have a experimet where a projective
o negigible size interacts with a hard sphere
with radius & through catat only

7 M

projectile O

7
b 7

W R
&

targe

We repent this experiment may fires on a targe block

targets are randomly placed in block

- area A with number desity Near
- => # target = NAA

Area A ↓ ↑
targets/crea

But
,
cross-sectiona area

,
a
cross-section o

for a tagt is 5:R
"

=> Total wea f all tages is NtrAo



If we fire a beam of projectiles , probability of hit is

Problit = Fagtea = Not on

If been cartchs Nine incident patches , the number

of scatured particles is

Nsc = Problit Nina

=> Nsc = Nine to o

We general, how Nic & Nta
,
& ca measure Ns

=> got access to !

the cross-section o is the effective area of the

tage to ident with the projectile .

Often
, we measure hits in some fore introd At

=> Rix = rate of odt particles = Nine
-

St

Use = rate of scated porches :N

=> Esc = Richte O



Since OTR2
,
[0] = 22 = Ara

for particle & under physics . Renders - 10-1 e

=> on 102n

Define a barn a 1 ban = 1528m2

Example
10,000 neuros are fired on on Al foil target of 0. I m thick

.

The cross-section is o = 1 .5 barns
.
How

mayn-Al

neutrons are scattered ?

1 = 2 .7x10kg/n]
>

10,000 Neuros
Al Foil

d = 0 . 1 me thich
Solution

Nsc = Nine stage. O

Now , Nin = 104 , 0 = 1 .5 bans = 1 . 5 x10-28n

Number density is New: Alcors
Nec

But
,
area mass density = e -d



The Atomic mass f A) is 27 x 1.66x152 by

=> Nta = ed = 12.7xhgi =Gox
27x1 . 66x10

- 27

ug

So,
NS = Note New O

= 104 6.

0x0 i 2 1 .5x10
%

n = = 9

9 scatured events for every 10,000 ! Fa

Conside now the scattering of two had sphres.

projectile has radius R1 , tuge R2

projectile
· 7

-

b

V
·

is

targe

Two two sphoes make contact if b ! R
,
+ R2



the cross-section is

o = i(R , +Ru)"

Following the same argurets as sire
,
fid

NS = Nine. eta o

↳
= Cri+Ral"

=> The cross-setio is the effective area f

the tagt AND the projectile !

Other cross-sections exits

Capture

Imagine a target of putty

> ↳ e 8
this is called capture on absorptio cross-section

Nap = Narc New Ocap



A real collision would have both scaturing & absorptio

Ota = 0x + Gap

In Ford a under systems , have many others

Ionizatio E Sin 2

e-
> M

>
E

Atan Imized Ato-

Fission Of is 7

7

u M >
> E

- >

Heavy nucleus lighte nuch

Ec .



Differential cross-sections

the cross-section is a measure of the number of evets

& a scattering process. Who of we also

measured direction of the scatured particle7.

=> Differential Cross-section

Consider cladic scating , e.g, projectile of a hand

sphere tage or colomb epulsion (Rotherford scattering)

Define z-axis along bean direction , so (0,2) are

polar angles of eneged particle .

But
,
we oil

measure a small come of eneged agles
[0, 0+10] & [c, e +de]

Introduce solid agleJoh = 1A /seradians)
nu

~
Arc SA

r

T

& 12 = A
-

r2

Sphere



the solid anglef whole sphere is 41t so

Take infinitesing come => da = rescodddy

=> di = siddo de

15
,e)

solid angledi
of critted partich

>
projectiv

tages

=> Nsc(chtod2) = Nine . N +o
· dolino d)

= # particles enitted in care die

effective cross-section is the

dolito drl - do di
de

Differatio cross-section

=> NsclodR) = Nice to · do 10
,4) di

di



If we add up
all Ns (it del our all dif,

we notgo
Use = Nic New w

E o=So, a
25t

= S do shofly scals

G

Example

Neuros scate of a tough of seve MeV
.

The differential cross-section is measured to be

o 10,1 = 5
.
(1 + ecost + b co2

where to = 30 mb/se

the angular distribution is axially symetric,odel
do

-

T
200 mb-

~ large cross-section in forred limit

-
Small safeig
in backward limit

O

O Hz ! &



the total cross-section is

ojadroTr
= 25

.Most0/1 + bt + 3 c50]
O

= 250 /dest(1 + 3 cosa + y(0)
- I

= 20
. [CoSO + Ecos' + cost]

,

=20(2 + o + 2)
= 855

.

So,
o = 55. = 754 mb

. m



We nor wat to comet the differation cross-section

to the inpat paranter. For simplicity. Lo us

assume that the scating is axially symmtric,
that is it is -independent.

conside a projectile incident an a toget with

impact parante b . By circuiting the particles
trajectory , we can (in principal carcuate the

scatering angle O=&(b).

Alternatively , by solving for 6, b = >10).

Consider now projectiles on a target with

impact paranters between b ad b + db
.

T
M

7
- &+ &O

- O

b+db ~

b

-

Z
A >

target zete
~ do = zibdb

~dr = zi siddo
incident annulus

scattered amalus



The incided anulus has cross-section

do = 2πbdb

The particles are scatured of a solid angle

dr = zisno do

c axial symetry
Therefore , the differentia cross-section is

=
eues prosili definition

So
, path is : End trajectory O=0131

=> invet to And b = b(0)

=>Difretite abido



Example
Find the different cross-section for the scating
of a point particle off a fixed rigid sphere f

radius R .

Solution : We not first find the trajectory O= 01b).

2 - M
O

-

-
&

b
- P R

W a
&

Led be the agle of the live connecting the

tagt cate to the strike port
P.

from this live
,

X the angle toward the direction

after collision .

: 0 = A - x -x

We now need ↓ & X



Fro
,
note the law of reflection : < =x

To see this
,

10 v & VI be the incorny and

outgoing speeds . The collision is elastic

= v =r .

Consulation of angular mometer - mutsid = nursing

=> Six = Six => d = x
+

thus
,
O= - 2x

L 1 M

O
-

& ↑
&

b
- P

b
R

W -
&

From the tringle , Sind= = b = Rsind

So,
b = Rsix =Rsi/T0) = Rcost

=> db = -R Soz



So
, we have

=
= Rost/B I
= R" Criti E Sit =IsZ

= R2
4

voice that -R is identf

So
,
we find

=free ⑭



Rutherfund Scatering
We will now conside the scatering experiment the
led to the discovery of theatoric nudeus.

Rutherford scattering consid of apha particles (He't)
at of gold nuclei in a then gold fail.

The force is that of Collobs kar

X-charge
~
gold unders change

w

F=
if the speeds of theXis are large enough to

particle the gold s electron cloud

Since this face is the same as discussed in

lesper abits , we know immedidely that the

trajectoryf the & is a hyperbola . J
T
Tr

i
M

- P
O

L T
> M

M ↑
b min -

v

targenuchens



Let in be mit mete in direction from targets cate

to the point of closetapproach, Nun

=>orbit is symmetric about this pot

If it is agle of projectile not cate a measured
from

,
it is bonded by 41-40,10]

whoe him a ->
4-20

So
, scating agle is O=-24

·

We now relate O to b.

Tr
the change in momete is i sp

Ap =--p To
2

B
Where & we movet

long before & after collision .

Collision iselastic > T =T= 151 = 181
So
, Cap 18 = 5) . 18 5)

= 1 + 151- 28 .p



But
, p .p = 18118 cost

So
, 112= ZIPF-21Pcod (151 = 181

2

= 215/(1-cosO)
= 418sin

=>Isp1 = 2151sinO2 (1)

Howeve
,
fromImpulse-monatur them,

= Sat E
- A

Since A = 1551

=>lapt = Satfu , F = E .
- A

At pott P , E=, with - = cost

=> Fu = E, cost

using dt=dd4 = d
4
.

=> 111 = Ja Fu/i
-40



Finally , angular monetar conservation

mr
>2 =1 = bip)
4
-

=>1581 = fact West,
- 40

= S [sir]
=

z Su

Now
,
from F=-22. => Six to = cosE2

=> Isp1 = 20 coo (2)
2

Equate (1) & (2) - 21% IsiF =Z cost e

Solve for b
, using 151 = mr

=> b =

Un =o



So,

&= cotE=
znr2 she

therefore
,
the diferatio cross-section is

=to

=
r

= 22 /2 stor stronmy+ 2 sindredsOre

= 22
-

4met store

Recall tho V = LgQ

the tell
energy

of incidentparticle is

Ezgar" => n=-Y = 4Eh

= 20
Rutherfund Scatung
formula


