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Coupled Oscillators

We have seen countess times that small disturbances

on some physical system lead to oscillitary behavior.

This is because if a physical syten is in some

equilibrar Sate ,
then a smal disturbance is

of the form -8

Urte) = UCr + EGN+E-A↑Eubac -

equilibrium SHO
, Uncate

Mos (every) mechanical systems are couped,

meaning multiple mechanical processes are matudly intending
Consider the ammonia molecule

,
NH3.

In describly itsnation
, N

we first would conside

it a rigid body with H- - t
H

6 degrees of freedom .

But
,
ators vibrate

,
& thus there we more

degrees of freedom . We will now investigate
the vibrationa mation of coupled systems.



Consider the example of Two oscillators coupled by
thee springs .

Assure masses m
,
& me have

displacements X,
& X2 , respectively

Lin,en, entime

x
, xz

equilibrium equilibrium

-

NI gives , Fory = -h(* -Yo

-I 3 -m Chix
, 42(X- X

,
) Uz(xix) usXz

m
, x, = - k

, x ,
+ hz(xz- Y

,)
=
- (4

, +hz)x ,
+ 42x2

my xz = he(xe - x, ) = hyXz

= hey 1
- (hathy) X2

Can write as

XI(n)( )(xe)
=> IM . X = -K . X



the couded system of equations looks like a

single spring system" with a mass matix IM

& sping conformatix 1 .
Nice the there

motrices are symatic .

In gard ,
the soltia is some linear conso

E shes & cosines · As is usual, Let define a

Complex numbe

int
z

,
= a

,
2

z
,

= a, 2
int = () = (a)it

a
, a, 4 => [It) =Neint

the solution is the XC = RelIt)

o,

X
;
( = Rezjlt)

int int

So MX = -wilM ·Ae = -KAe

=> (IK-w2M) ·A = 0

guesized egavire problem



If A =0
,
the the solution is given by

do((k -w (M) = 0

The equrches for the problem,
or eufrequencies , are

called themord frequencies for the system.
The corresponding solutions on called normal modes

Consider on problem ,
for Kh: / & m =me = n.

the

(M =m(bi)a(k = u(-2)
So,

K-cnIM = (24-monawa)

E de (IK-wM) = de zununar)

= (2k -mc2)"- 14

= (k - m w2)(bk - mwl)

=0



So
,
the twoword rock frequencies are

w
,==

Let's look of the correspondy normal rocks (eigenets

It Mode W
,=th ,

so -M = (!,)
So,

(ii)(a) = 0 = a,
- a2 = 0

-4
,

+ az = 0

E a
,

= %z ·

Lo a
,= =Ae-is

, ASER

E T(H = A) ! ) ei(v
,
t - S)

Since X = Ret
,

we find

S X , (t)
= A cos (w ,

t-S)

Xz(t) =A((w ,
t- S)

->
X

, -> Yz

unmetwere mee



2 Mode We=h ,
so -cn = 4) ! i)

( !! )(2) = 0 E a + an = 0

a
,

+42 = 0

=4, =
- 92 . (oa =

a) =A-
is

- X(x) = A(! )e
(ut -S

5 X = ReX = X
,

= A Cos(wit -b)E Xz = -Accs(wit - S)

X z

->
X

, -

unmetwere mee

A good solution will be a liver conse of

both normal modes,

*
,
(t) = A

, ) ! )cos(w.
t- 5

, )

*2(t) : Az(
-

!)cos(wet - Sz)

=> X () = A
, ) ! )cos(n,

t - S
,
) + Au (1)(os(wat - Sz)



Normal Coordinates

we see that X ,&Xe are complicated functions

of time. Even the individual norma nodes

are not "side" as both carts mone . It

is possible to introduce an attentive set

of cordrides
,
called normal condindes

,
to

spare the two round modes . These vidles

we less physica ,

but
are advantagious to study

each norma mode in isolation .

20 3
,

= [(x ,
+ x1) & Ez = ](x ,

- x2)

the variables E
, 32 labe the configuration of the

system .
With these coordinates

,

E (i)= ) Decoupled !

So
,
solution is

3
,

= Accs(w,
t- S)Ene

= 0

17 rale

[2,
= 0

I Mode

2z = A cos(wit - 5)



Double Pardulne
> X

Consider the double pendulum ↓Lets casio the 4
Y

Lagrangian .

2 = T+ r
e, m,

Si
T=T

,
+ Th

- 4

P2
= Im ,

(x, + y() mz

+ +mc(x + y ,z)

In tens of 4 .
& Ya

,

[x1
= 450/ X = C

, sinc , + Lysine ,

y1 = 1 , cosc,
E 72 = L, Los + 2 , (s@2

=>Y +i = Ch%, 2004, 12+ 72 ,
%, since, I

"

=

x +y = (L, cos,
+ 44 co2)"

+ 72, Sur , - Ly i Surel

=1,2+i
+ 24 ,44% [Cosy

,cost
+ Since , Side]

= Lig + 1342 + 24440s(4,
-42)



The patatial energy is

U = u
,

+ Uz
=

- m
, gy ,

-M297
= - m ,gL , Cosy,

- mag(L ,Co,
+ Lycos(2)

=- (m ,
+mi)yL, 4 ,

- mayLyc42

52 =T- r

=hi +mi

+ mzLL24, (os(4,
- 42)

+ (m , +mz)g2 , cose,
+ magLz20542

For small oscillations
, cosy = 1 -1 y2 + 014")

=> 2) Hmm
- Im +melgl,0 - magla De

EL EOM

=daiq 242



==Im + mini

22 = - (m
, +migh,4,

24

& = my + m24↳ is
dt 042

21 = - might
24z

=> (m
, +~2)4 + ach Life = -Cithigh, 4,S
maLif

,

+mi = -Maghe 42

Define IM = (m , +ma)L ,
<

McL , 22( m24L my l ? (
K = M thigh, I
onegh

=> MG = - (k , 0 = (4)

Again ,
solution is C = ReE with X =Aert

with
&(lk-w2(M) = 0



Lets consider case where L =L = <
, m

= we = n

= M = mc (31)
1 = m22(22002n)

w WE = E frequency o single pendulum

So,
1-33M = mL" (21202 - 22) - w

- n2 (wor-u)
&
do(1k-w2) =0

= z(0.2-54 24 = 24 - 40: 22 + 200 = 0

Solutions we

w= (2) W!

So
,
normal frequencies are

wE(2-5) Co? and wi = (2 +5) 20

=> 2= 077 No & We " 1 . 85 Wo



Let's find norma modes

1 Mode w, = (2-1) w.

= K-ri = Mwo(E -1) (
_

2*)
There

, (IK-PM/A =0 -> 21 -Ean = 0

--24
, + az = 0

=> Gz = E a
,

Lo a
,

= A , e-
is,

=q = (3) = Re(ke
=ut)

= A , (m) Cos(w ,
t - S

, )

L

71
Y , M

L
Y =24

,
7 T

m
Yz



21 Mode We = (2 +E ) Wor

=> I-waM = -mc2( + 1) ( )
Therefore
,
24 ,

+ z4z =0

=> Gz = - Ea
,

Ea
,

+ = = 0

La
,

= Aze
is

=> P = (4 ) = Re(Aeivat )

= Az ( -b)cos(wat - S
, )

L

& T

Y , M

L

Cz = -Ey
,

M

M Cz

m



Good Case for Small Oscillations

Let some mechanica system ->
E ,

consit ofi degrees of freedon -E

specified by garded courdines -Es
E11 ....Eni = (4, ...,9)

:

E
The RE is gundy

-> En

T [Im
where= (9 , .. .

. , En

changing courdundes
,
I will have the for

T=Ain

For small oscillations
,

we choose Is such the

= is equilibriu pait.

So
,
for oscillations about g =0

,

T=Mini

Where Min = Ajalo) .



Nor
,
the partic enogy

is (15).

Taylor expanding,

U() = Vie + [04; +E.

Small oscillations about equilibriu, E=

E Vis) = Vid + Kinzin

s
Where Kin = Eng

So
,

2 = T- r

=Minejenkin in

The EL EOM we

= G frien



↳Men

=Men
=[ Men (e.En+

Nie Ho ex = by a

=> =Men (be
=MininMe

T
I is dunny index

Recal
, Min = Muj

replace by he

=>

at = EMini

So= EMjne

Likewise
, Ot = -Kin



So
,
EOM we

Eminen = -Ekinen , it

In matrix for

MQ = -IQ , = (i)
Solution is QH = ReC(, =A eint ,

Ath

with

((k = w= (M) /A = 0

with characteristic eye

do(1k-w2(M) =0



ThreeCoupled Pendulums

As a final example, consider three ideaon

padulums coupled with two idation springs

IT
L ·

9

Le W

wea
m

M M

the KE is siny T= InL( + 12 + (3)

the PE has two part, U = Ugor + U
sorry

Ugr = (mg((4,

2
+ 42 + 45)

& Usong = 1622 /(42 - 4,
12 + (43 - 4-12]

= (y,

2
+ 24i + y5 - 24, 42

- 24-43)

Define Wo =

g as namel frany of single pendular

C2= as natur freguncy of single spiya



S1 = T- 0

=mc(++i

- Im2[wo (4,+42+45)]
- In2"[w3(4,

"
+ 24 + 45 - 24, 42

- 24-4s)]

n2" is a caset fair
,
10 = 1/2

in other words
,
work in "natur mits" where ml2= 1

=> [ = !(+i +i

- (200+25)(41 + 4,
21 - 1100 + 20524?

+ wj(4 , 42 +424)

From the your foundist, we know

M = n(2 (0,% &
8

&

IK =

mc)wortws ↳+wi
? IWo+ 2ws2 -o,?



The characteristic frequencies are

di((K-w(M) = 0

=> (2%

2
- 12) (20 + cos2 - (2) (W .

"
+ 30s" = wh) =0

wi normal frequences

w Wo
,
22 = Wi + hop , ws" = 20 + 30s"

The first mode corresponds to a,
= az =42 =A

,
e-it ,

=>41 =41
=43

=A
,
cos(2,t - S

, )

14 =Y
, 742 =4

,

wenmem



the second mode is 415-45 =Ac-is , az =0

=> 42 =0
, 0 = -43 = Azcos(wet - S)

14
Ye =or Ce = -4,

recen crus

the third mode is a
,

= -14 = a) = As e-is

=>4,
= - 14z = 4) = Ayas(wst - S3)

14
,

a U
= -2 , 743 =2,

were ceme



Towards Continua

the man advantage of Judyly carried saters is to

lead us to the ideas of continue mechanics. Conside

an a-body pendulum
Each bob has mass Am I

& legthse If the for 2

3

Length is L, the
↑

L = Ese-use
-

.. n - 1

M

e
This is nating but a swinging rope . In fact

,ane can

understand the wave motion of such a system much

in the same way in Jers ofromd modes .


