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Nominatio Refonce Frames

Newton's laws are valid my in insid refence

Frames
,
thatis frames which we not accelerating

Itrastational or rotational)
.

However
, may physicallyfeeding systems involve

accelerating frames ,
e .g .,

ballistic nation on Earth

which is ratting about it's axis and revolving
around the Sun . Thus

,
it is useful to

formida mechanics of non-inetic reference frames .

Accelerating frames

Los first consider the case of a frame with

accuration but no station
.

18 So be intid frame
,
and I be

accelerating frame wit So with acceleration I

-
& >

(need not belat.
S

S
.



Consider the motion of a particle of mass in in

both frames .

Motion in So
M

-E
T

SinceSo is initia
,
NIT holds ↑

mir = E S
.

where to is position of police in So

Mia in S

Lett be position of ball in S .

velocity in So relative to5

=
velocity in So velocity is velocity of S relative to so

-
↑

T
7

O

S

⑫
S

.



Diffracting in fire,

-A

where E =- + % Since S is according
.

From NI in So
,
mis = E

,
so we fil

mi = m -mA
-

= F -mE

This looks like N in s except extra ter

We ca continue to use NI provided we include
-

a infd face Find = -mE in S
.

Finated is a face-like fire a pseudo fance

=> NIi S : mi = +Flat
faces effect of acceeding frame .



Example

Consider a simple pendulum (mass m and length 2)

mounted inside a railroad cat acceting to the

right with a casant acceleration E .

= I
,·

E z

///////IIIIIIII / I /

Find the equilibrium angle Deg which the pecular will

remil of not wat the cat
.

Solution

25 So be the frame o the ground ,
andS the

frame of theCart.

In S
,
the faces on the pendulum we

F

Finctiv = -mit
C >I

So
,
NI in S

mi = F + ng - n vmg

=F + m(g- )



15 Ye = 5-A , so mi = F +my

So
,
faces on pencula are same as in So

,

except have effective gravity Get

Equilibrium occus when =t = F = -might
-

so
, Den is defund =5-A

tacles = A
So Yes i

= Urg tail (g) Y
- I

v

For small oscillations about equilibriu, the EOM is

= - we withw
Now

, ge EJEEigh ,
so the frequency is

= T



The Tides

An example of acceeting systems is tidal nation.

Assure Earth is spherical , & this the oceans cove

the entire surface.
Ocea

-

Moon

Eath

We obsure I tides pr day (No one) so the

motion is a little more conficated than the

jut due to the moon's gravitational attraction

the are twoefets occuring
: the roo gives the

Earth Loccus
,
toolon actuation I toward the moo

=> this is catpot accination of Earth as two-boo
system abit CM

.

=> this accelation is as if mass is of cute of Earth

- If mass closer to moon
,
feels great face

=> Ocean on moon side buldges toward moon.

- If mass on for side , feels weaker face

=> Ocean on for sid buldges ofwod

relative to Earth !



Let's look of the motion ofa test mass near Earth .

Let S = Frame of Earth (according)
S = frame of Moon /initial

14
m

T -r

↑

2 > x

& O

Moon

Earth

the forces ona 2

*

~ Fig Congravity faces , e .g, buracy
m

[ ~ my Clear Earth's surface

-GMum
T

Nate sign wat i

Now
,
i is positionf m not Earth

,
but Earth is

accerating due to moon's gravity !

=> I = -GMn
↑
wate sign
t

.

Do



So
,
NI in S frame is

mi = F-mA
= (mg-GMan + Fug) +Game

=> mi = mi + Fin + Fuy
where tidal farce is

Fid = -GMmm(

This farce is difference of aoud face a m and

the face on m of it were of the cate.

Les look of this face of 4 special paits
Q

14

P R
·

o &

Earth

S



P At pat P, = *, do = *

with do d

14

Feid
7 do

-
.

o & >

↑ Fir P R

=> Fin = -Grun(tn-tr) *
=-GMmh(F

-

turn (0

R At R
,

now have =d
,
do = do *

but d > do

= Fur =-Gun
term o



Q At pot Q ,
Now have to do

but = dcosd + &Sind

Fid
Geondrialy ,

do = dross
v Q

7

T
14

↑ X

-1
:

0 *

Assume &1 (do Reat)
S

=> cosd = 1
,

Six = X

~ Fund

So
, do = d = &dox + dox = doc
= = = +x

:
Fr = -GMmm(

=
-

Gm(x + 15-

=
- Gum d = -Food

S Similar to Q
,
Fie = +For



S
,
for the oceas, we go a bridying effec

W

Q

14

P
& ·o >

Fid R

Earth

S
1

How do we find the magnitude of the tides,

D .e
,
the high difference bowen high and low tides.

=> look & equipatio surface
.

Conside drop of water in ocean . Drop is in

equilibrium ,
in Earth's reference frame

,
under the

influence of three faces

- Earth's gravity my
- Tidal Force

- Pressure face (Buracy



Since fluid is static
, Ep is round to surface

& water (Archimedes prince

So
,
NI an wate drop Ep + mi + Fir =-

Suce .F = Fo
↑ round water to surfac

=> mg +Eid is normal to surface as well .

Both mig & Ed are conservative

=> mij = -Eveg ,
Fur = -EUed

Pattic ↑ pattie from
fro-Enth's gravity tices

To get parated argy, conside

E = -GMum(-)

Bo, = . +↑ Again ,
Ndox1 if r-Re

~

= To=> (1 +3

=+-



Therefore the tidd face is

Fe = -Gm[-b
=-Gn[-b]

agule farm facto

Notice
,

we recover our previous exercise
M

e.g .,
if Ild .

W

Q

=> Fird =

Garn .Ii 14

P
o

,
if n -d = 0

& E

F
·

o & >

R
=> Erd = -GAnh Earth

S
1

So
,
the potted energy is the

Fra = -Er Util

Nice in,=
do (d. ) = _r(d?



= Fin =-Gre
=- [c5.

-G
E-Er Util

Whee

Util = cat - GM(-

* Nate Pelzi = Legende polynomic

Par) = (r)-

E Und =

Cat-Gunn(Pr

This is the addition PE fur to Earth's gravity.



Les look of two specific poits ,
P & Q

Since the ocean surface Q
⑳o

is egupti
14

=> U(p) =U(Q)

pou
·o

Earth
Since U =Wey + Word

=> Weg(P)-Weg(Q) = Un(Q) - Un(P)

Now
, Weg(4) - Veg(Q) = mgh

and Vid(Q) - UCP)

=-GMn(R(a-
So
, Yo = Y =o

. Q = 0 Since do = *

o = -* = do-
p

= -1

=> Ud(k) - Und(P) =

3(



Equating , migh = En(

Recall the g
:

Ge
=> h = 2 MR =>4 = 54 ch

Similarly ,
the sun impacts the tides as h = 25 cm

the combined effect is conflicted, but two specie cases

Spring tich full moor

M M

moun

Sun
Earth

h = hmoon +hom

= 79c

half mom

Neap tice
M

Sun
Earth

h = know-Usu M
moun

= 29a



Mustion Maries

As we move toward rating reference frames
,

we

will use many cacets
of linear algubra .

It is

therefore useful to review some essatio tools f

Linear algure ,
which is the moderation layage of

ratical trasfartions
.

Rotation Marines

Let be a veder with components= (x
, y ,
z) wat

some coording system O .

Z R

A ratation is ahear transformation -

such thi

O
=R X Y

WhereF = (x: > ; z in O & 181 = i)

component-wise ,
wi = &RijV; i

,j = 1
,

2
,
3

w

X, y ,
z

Bothi are vetus in R

=> R is a 3x3 matrix



a components
-

~

(i)=(
For a physical rotation

,
we require

this

the legth of F is unchanged

=> . r = v = v - = n! /

who does this impose on R ?
~
canful or repeated

indices

= Erivi = E([Riri) (Rinru)

= )[Ris Rin) norm

= Eriri = wh

reque

E [RijRin =So
Krauchers

=> Sij = 1 if itjS
O otherwise



Recall motix multification & transposition

· if A is NXN'matix & A is NYN"morix

the C = A . B is NXN"morix

with elements

Cij = (AB)
,= in Bui

↓ transpose

· If A is NXN' morix ,
then AT is N'x

↑Grix with elements

(AT)ij = Aji

So
,
for ration marices

,

Sin = &RijR in
= &(R): Rin
= (RR)

in

ENTR =

E
identity morix



Definition : An NXN square matrix M

which respects MTM = I

is called a outoyand marix

Ortigad notices preserve refer norms.

E Rations is R" we described by a 3x3

whogat marix R.

Nate that inverse rotations on also rotations

R'R = I => R" = RT

A byb outhogue morix has only b real degrees of Freedom

who ?
- the has a elements

,
all real

- RTT = I is syntric 3xb marix

& EG independent contin

= 9-6 = 3 degrees of freedom
synariz marix
MT= M

Various paraitezions exists

- axis agle ,
R(n

,
O)

~ rate a agle O about in exis



Basis examples

& (x) =

17-
R(5, 01 :

/God O So
R(z

,
0z) = Costz - sitz O

Sindz Costz O(
O g =
/

InfinitesimalTransformations

Consider now a infinitesion rattion
,

ri = Rijki
-

Small

= (bij +Mij +... ) v,

= ri + &Mini + - ..

-

↳ small correction

Since RTR =I

=> (I+M + ... )(I+ M + ... ) = I

=> I + MT +M + ... = = MT= - M



So
, the infinitesimal correction Mig is atisgunatric
MT= -M = Mij = -Mij

Conside R(X,O for smallO , COS1 , S2O,

dire (t-
=( I

= (0) + (8)=
-

it utisymmetric

A generic ration can be parameterized

Rio = I + McGil

1

=-
0::55x,04,023

Can define restor 8 = (Ox
,Oy ,
Oz

=o



Useful to separate MCO) as

Mid = Cobi
C called years of ration

Where (biljn == Eijn
7

> Levi-Civita Symbol

Veter of morices Fully autsyutric

+ 1 for ijk = 126
,

231
,

6/2 level

Eijh = E - 1 for ijh = 132 , 213
,
321 (odd)

O otherwise

So
,
for smal rations

,

Rin = Sin + [0: (bilin + OCO4

= Sju-[tijn + 0104



Axis-AngleRepresentation
consider a rotation of i to F

,
about some

axis in a angle of M

such that Ir =I = r
->

-

41
,

~
Define paralle & T &

-

perpendicular compacts nx
- 7

Fi wit i ↑
&

~

I

= Front a = -F, Ca use triple cross
V he

= rusti = - () = (1)

Now 11 = rsio = lux -
1

= rso

Since we rate about, =tri)i
= rusti

ad Ir = rso
> fixed

So
, can decompose it along
,

,

& xi axis

= rost + Use cosy + usid since
=(-)n + cos[= ((n) + sin(x)



So
,
under a rotation= > i =R.

In the axis-angle representation ,
the companies f

↑ can be read of

↑ = cus + [1-cose)(i) + Sinc (nx)

In contesian components ,
i = (r

,
rest) , = (, , is

and
= [rin= Erinn Sin

> Kraneden

(xr): = Eigh,
> Levi-Civita

=> vi = cosceni + [7-cose)(wiri)i
- since ijn Nin Eijn = -Eini

= [coseSij + (1-cosening - Eins]r,

= [Rijr;

=> Rijn ,4) = Cosy dis + (1-cose) ning-EEinhusine

Rodriguez formula



Notice that for small agles, 1

Rain, 4) = Sij -Einnt + 0(4

=> y= + y(nx) + O(y)

So
,
if rating awester by se in at

= + s4(nx)

=>=x =we

> agakr speedDefine agula velocity E cn

Nicethe R . = i
1

T

u= cosceni + [7-cose)(. win;) in
- sigin

=> i = cosy + 11-cose] =n

This is in fact a Saerat of Euler's theorem



Euler's Theorem

Euler's theore states that
,
in 3D space, any

motia f a rigid body relative to a fixed post
O

,
such the a post of the rigid body is fixed oO,

is equivaled to a ration aboutsome axis through O.

=> Any composition of two rations is

also a rotation
.

A modern versio of the theorem is

Theorem : If R is a proper bxby ration matrix

IRTR = RRT =I and dOR =+1)
,
the 5

a non-zero wester in st .
Rn = i

Proof : Ri == IR-IIn = 0
,
the is

i is a eiganetor of R with egevalie = 1
.

=> DECR-I) =0 to be a characte solution .

Nate for a 3x3 motix A ,
do(-A) = (-1doA = -doA

Also
,
if do= 1

,
the DOCR") = 1 = 1

defR



Therefore
, compute

do (R-I) = def ((R-IIT)

= do (RT- I) RER"
,
I=RR

= de (R"-RR)

=det(R-") de(I -R)

= def(-(R-I)
== do(R-I)

=> der-I) = -detcr-F) =decr-I) =o

=> Ri =n



Angular Velocity

Consider the raction of a veton i to it in a fire

=

At about some asa

~ - in Taylar
-n

S
7

1

↑ ↑

for small rattios
, ·

o

= Erin
= [Sin-Es0: Eijn) Nu

=
- Estiinru

Er
,

arj = rjr; = -Einste
EijnE-Ein

= EinsDire
In a time St,

=Ein



Defe theangular velocity water us

Wi =li D = d

3
W
=

= En Ein Wiru

Recall the cross-product - (E)
;

= (ax) ;
= [Ejik Gibu

i,k

=> 8 = Ex

Direction of to is in
,
ca write - = 0 is

with w = i
-
E
↳

Ti
This description of to X

- 1

is a result of Euler's there
n

- Mosgard motion f
my M -

M

body relative to fixed pot o

is a rotation about some axis SoFrotation
through O .



T
E -8

V M

positive rattin negative rattio

"right-hand rule"

We can also see i =Ex gentrically
- position of P not

E
(r,0,4) -

↳

where O= colatitude Ti
rsid

=

xe & P
- Proves with speed O

↓ n

V= rsuo i
11
M

= rw sid
·

o

- Geomtrically ,

C = Ext = ABsinOn

- perpendicul
=> i = Ex toPleena
Since E11 xi



Note for
my

water e fixed in the rusting book
,

=x

Angular velocities add linearly

Suppose Frame B rating with tist wo. Frame A

Boing C is rusting with tois
not frame to

Fra =FcitFisA ·=>Eca = Ec + FBA
FA
7

Loi be retur fixed in C R

FTsA

EaX = EcA A

=
C

+ VA cEnv
= Tocay + EraX

= (To + Eba) x Free
=> Toca = TocB + TURA ⑧



TimePrivatives in a Rattany From

Having discussed themathematical description of

ratations
,

we are in position to describe mation

in rating frames
.

I
Frame s rading M M

Zo

W ag. velocity I zr - 1
7

↑

origins
wit So coincident

2

An example we will S > X

visit often is So
L

the nation on Earth
, xo -

Yo
which is rotating of a rate

=us

= 7.
3 x 105 rad n

M

5 Octetesmall
,
bi natnegligible

=-Initude

·
-



In the case- the Earth
,
So is sure inelia

free w exes fixed relative to distent stars.

This frame
,
while inetic

,
is abitrary and rektively

inconvenient compared by Earth frame S.

=> useful to analyze physics in

na-inetic frame - closer curcia

to observable physics .

Consider aveter E Las
, velocity , position ,

... )

we watt relie the e of chage bowen Sots

(c)
so

vs . (C)
↑ ↑

relative tot from So relate to rading frame S

=;;
Taxes fixed to raty from



For example,
E M

Zo

7

, = X,= = 5 , = E z
1

- 12
Since Ej fixed in S, 23r

2
,(

L

S

So

>
-

> X

Xo -Y

But
,
in frame So , is are changing mot time

(s
Now

, Eg is fixed in s
, rating of t relative to So

= (d)
So

, Q;(d)

= Die



Thus
,
we find

(C)(
with this

, we can relie NI is incid fines

to rely frames.

Notice that if Q =I

((x=

So
,
rate f change E is frame indepudt

Newton's Law in Rotating Frame

For simplicity ,
his assure the = caust

.

which frombore we see in is carpet in all

refance frames : (Els. (E2)s

Consider a particle I mass in& position i

NI is So is

m()
Faces in If So



To go NI in S
,

we use the relation

(d)(
ad

(ar =(
= (e) (() ,

+ x]
=()

,
(()

+x(()+
For noting sinficity ,

lo = (c
=>(d) ,

So
,
NI is S is given by

m(
=> Mi +2mx +mx(2x) =E



Ecoraging ,
& using

Ext = -E3 x*

NIi S

mi = F + zmixi + /Exi)x[

As before ,
F

are the usual faces in an intir frame
,

& thecotra two termswe pseudo forces which

are a consequence of the acceeting frame

Coriolis Face

Er = 2mx

centrifuge Face
F(f = m(2xr)xI

= E + Few + Ec



Centralfuge Face

Notice that For o
,
the Fant if a

object is ot in the rating frame s .

Ift is sufficiently small compared to rading
frame speed, the Iml Feel

Fr ~much
,
For mach

If Noth
,

Enthi radius
,E

: If Nave Fanfcf

=> Let's maize nation in this regime ,

niF +Ec for var

with
Fe =m(xr)xI



Consider gaonty near Earth's surface
-

12
An objectof co-ltitudeO C

2x
is moving in circle of X

S
7

latitude of radius A 1

and velocity=x O r -
S

Y Fof
target to the circle

So
,
Ex = (2yr)x Ost

points in

E = n(2x(xt

= marso
= wires with perso

Nie the v =pr = /El = my
A

which is the familiar forr.



Free-Fall new Earth's Surface

Let's examine the free-fall motion of an object

mass m
, near Earth's surface. -

Er
↑

NIT is T

⑳ -
mi = FartFor --

T

where v
- &
Fyran-GM-

=m
-M

,
R = Earth muss

,
rading
-

Assuming sphrich Earth

1 -

2

Effective face is the Fe
h

- >

Fee = Fran + Fue O

= mg + Mr Rand
~ Egra

&

=m O

x
plac



We have introduced the "true" gravitation
acceleration g

= g
.

+mrs

AssumingSpherich Earth
, compact f g along ger is

Grad
= 9

.

-DRsin'O 12 O ↑
z T

where ↑
C =-0

Grad
= G . (-)

->

& s
To see this

,

note
X a

L

j . v = cos = cos(= -O) 1
= 5

.40
g

&.. (-+) = g.

=> God = g . ( -r) = g .

- &Roads .
= 9 .

-RRSIO

Nice that If the poles ,
0= 0 wit

, catrifuge
ter is zero

.



The catrifuged fer is largest of the equie ,
0=

G(0) =-

Since R - 6 . 4x100m &2-T3x10
T

rads

=> R"R -0 .034m/s2

With g .

-9. 8 mrsh
,
Differe of good between

poles & equator is about 0.3%.

There is also a
12 O ↑
z T

targetic component
↑

C =E-0

9 ta
= &R sint cost Grad

-
Star

Eco
=> Free full is in direction g. g

- ,
not g. -Y &

O



Coriolis Face

If an object is movey in a non-intial frame,

then thre is a Coriolis effec

Fo = zmixI

= zmux

> E = objects velocity in ratting frame

NB - this is similar future to face fromE
-

myntic field.
7

Example : buy an turn table ·r .
Los consider an application -8

Flar
~

of free full near Earth's

surface
, ignoring air fridian 1 -

2

LO R = Earth's radius
,

&we consider
o
R I

a particle o
↑ relative to o

:

Enth's center
,

s .

t.

Irl-R



The equation f motion - the body is

mi = m + F +F

with = -Gr ,Fem

If InR e F =maxre

But
,
from before we find

g = g .

+ (2x[(x

=>i = j + 2x]

Notice
,
EOM is independent

of = covaint to change 1 -

2

cordnde syters to 0, nY(nath) T
z(up)

on surface of Earth o I -
On

OR ↳

=> T= R + T
↑

So
,
jit o

:

=> i = g +2x



I will now drop the "price" notation

: = j +2x
1 -

2

With respect to O,
nY(nath) T

z(up)

O

j = (x
,y ,
z)

oE
ach

E = (0
,
&SLO

, Scosa
&

Sixt
is

Ext = Circust-Ersno ,

-Rust
,
R Sind

so
,
EOM we

= 2R(ycist-sid
--S Y

== 22 x cost
-

z =- y + 22x50

these are coupled differential equations (conflicted !
)
.

can get an approximate solution by making
successive approximations



Recall for Earth &T:
3x105 radis1.

So
,
first ignore & commend,

X =0

E% y
= 0

= = -

y z = h - 19t

If we drop an object from height h above

surface o t=0,

X (0) = y(0) = 0
,
z(0) = h

Y(0) = j(0) = E (0) = 0

Now
,
build solution by solving

= 2R(ycist-sid~zegto--S - E &

y = - 22 x cost

z =- y + 22x50 Z = -

g

↑
use 2= 0 solution an right-had side

y & z FOM are same as Lo ,
bo X EOM is new,

with solution

x = Ligt she fo wde approx.



So
,
to OC2)

, trajectory is

H = -RgEsO * + 1h-Egt) E + OCRY

Notice the objectDoes not fall straught down .

=> Curios force causes it to curre Eas (x-direction

Conside a h = 100 m drop & equator ,
0: 90:

If g = 10 ms
,
time to let is

T= s = 4.5

So
,
deflection is

x(T) = tag+
3

= 2 .2 cm

A small ,
but noticeable deflation

.



The Foucalt Padulum

Consider a paculum of mass on suspended from a

ceiling & allowed to more east-wet
,
noth-south

,
E.

nz(up)
In an inetic frame, P

& ~
any gravity & tesim.

·

L

&
Consider frame on Eaths

~
T

Osurface
, arigh O, r

S ~ Ex -

Ty Y(rath
x(east) M

mi = F + my + m(xR)xz + 2nx
-

year Earth's surface

=> mi =T + nj + 2mxt

Let's small oscillations
, $1

= Tz =Tlus IT

& z = 0 , = 0 => Tz = mg



For small oscillations,

=
= Tx = -

ngx , Ty =

(

Since Ex* is as before
,

we find

= = =

gX
+ zjrwst

i = -

37
- 2xrcust

we this wo= is natural frequency
& Rz = cost

.

So
,
Ear we

E x - 22=y + wix = 0 (1)

i + 22zx + way 20 (2)

To solve
,
define a complex number M = x + 24

Multiph (2) by I ,
add to (1)

=> ij + zirzi + w= = 0



the solution of this lea
, horogneous ,

2* orde DE

IS
-
int

M(t) = 2

=> 22- 2Mzx - w! =o

=> d = rz=+ w.

- Re I wo sinceW .

Thus
,
for two independent solutions ,

we feel

M(H) = e - v zt)pei not + ceiot)

Suppose of t=o
,

x =A
, y

=0
,
y = y = 0.

=> C = C = A
Z

Su
,

M(t) = X(t) + zy(t) = Aezt Los wat

At to
, pendulum oscillates a Eas was

Bot, as time evolves
, pendulum rotates on xy-place

with angular velocity Ez
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