
Physics 303
Classical Mechanics II

Rigrch Body Matian

A .W . Sachura William & Many



Rigid Bodies

A rigid body is a abstract nation of a collection

o particles/objects that move together in such a

way
to maintain their share , i .e, their relative

positions are fixed .
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This is an ideatization
,
as Fors and molecules vibrate

meaning no object is completely regid . However
, this

is a good starting point to build on

Since the distances between particles are fixed,

the system is highly constrained. For N particles,
there are JN cordntes needed . But

,
since

the distances between particles is fixed , the

rigid body only needs 6 degrees - freed

- 3 to spify <M
- ↳ to specify critation



Consider system of N particles x = 1
, ..,
N with

masses My and positions is measured not. O
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If the particles an small and numerous in a small

volume
,
we can define a density part as

Am = p(r)3x1y1z

the we can consider the regid body of a
continuous disibution of mass M = Som =Send
und Ch F=d

We will switch between a discete and continuous

picture as needed.



Moreton & Angular Momentum
The total monator of the sten is

↑=P = Emir = Mi

If the system is exposed to a excel farce

Ext
,
than NI for the CM is

==E = Mr

New we consider angular momentor.
Le E be the angular mont

E my
stor

of the system it 0. 1

We wat to sit I into

on Ear
,
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↳
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0
and theEarb

,
the angua

moretum of the CM
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The agion monatur ofa about O is

Y = Ex = xmir

So the tota angular monator is [ =St



=[ = [raxmara
Now
,
let is be location ofa wit

.

Cr

z = R +v

So
,
fud

[ = [( + ri)xmc(+
- ExmaF + Exm
- [xmaxm

Recall M=m

= [ = Exm + Ex[ma
+ (Emar)xi + Erixma

Now
, Emiri = o Since this is location of cr

relative to Ch (of course)

like wise
,

Ear=



= Ry + Erixma
↑ ↑

angular monetar f cr
aguiar mometer relative

relative to 0
to the Cr

Date Ta-Es = Erixma
Tas = Exp E -[cr = Espin

= [ = [s +Ta Eas~↑
This separation is Eter useful O ~

as both we approximately conserved

trup = Exe,
we know t =Feo

,
the exand torque relive to 0

s Ea = -[ =FF-Ex
=[-E)

y
extend torque relative to CM



Kentic &Poetic Energy
the tal hineic energy

of N particles is

T=m
As before

,
write F = R +& ,a position relative to cr

=>z

=> T=Emma
E

- fore

Define Kerative to CM Tar = Em
So
,

T=MET
kee CM



For conservative forces
,
ca write partic energy

and decompose as

U =We + Win

↑ T
exand PE lind PE

where Wire& Up livel
,eing cate fres

Since Igl = cons,
=> UF = cars.

: Wit is irrelevant for rigid body dynamics



Rotation about a Fixed Axis

Here we consider the rotation of a rigid

body about some fixed axis
.
Since the

axis is fixed
,
10 us defie it as the

Z-axis M z
E

=> 8 = (0
, 0,
2)

To

If the body consis of

%N particles, the g
i =&i

=Exm

Since the axis of ration is fixed
, Ey = Toxia,

So
,
with

c
= (x0 , 4d , za)

=> = (- wya , wXx , 0

: I = maraxi,

= m+ w) - zax
,

- zYc
,

x +yz)

thus
,
E=[ is to anguar mometer



Les examine componets o
I

.

the z-component is 1Lz

M z
↳z

= [ma(x + y= )w E

Notice thi ·(2 = x +y

with1y being the distance

to
my point from the z-axis.

Thus
, Le = Emor, w = Iz w

where Iz = Emop,

is the monet of initia about the z-axis.

Thehindi energy
is the

T= ! Emava
Since Na =P, W for a ration about fixed z-axis,

= T= Empo = Izw2

These should be familiar results from Phys 101 .



Noce though the there is non-zero compacts fr

↳& ↳

(x = - Emaxz, w

↳ = - Ema Yaz w

we define the products of cratic about the z-axis as

Lx = Ixzw , Ly : Enzw

with Ixz = -Emyxz

Fyz = -[m, Yaz

Obviously I is a pade to t !

T = (Ixzw
, Iyzw , Fzzw)

with Fzz Iz .
Consider a single point particle,

Z
-E= xmi
M
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fil I lies in yz place too C >
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X



The Inetia Tensu

We saw the I - It with I being a number
In good, I is a 3x3 synfire tesor.

Lets see by consider a ratation about a
Ei

geneal fixed axis to -

g2[
=[
i m-

O o
L

= max(Ex)

Recall identity Ex(Ex) =(.2) B - 11 .Blc

=> [ = [n[ - ( )]

Les look of it-componen,

↳:= [mwi-([riwi) a, i]
= [[[m, (Sii-Vairi)) Wi

= Fish ;
we define the Insta tensor as I with

matrix elements

Fij =EmarSij-ra ,
i)



In terrs of a continuos distribution
,

Fij = Jam (Si-Viri)

By inspection . It is syndic , IIT=I
o Fij =Ija

It characterizes a objects resce to change in

rational matio

E = # .0 ~ L = [Fiw;

The Cartesian components are

It = Exx Ixy IxzI Ex Egg Inz I
Izx Izy Izz

withIxx = Ix = Ema(- xi) = [mc(Y + z2)

Ex = -EmoX7
J...



Explicity , E =I .E is

((
The inetic tensor is a 3x4 squric matrix

which must transfo as It'= RIMT

~ I RirRinIn
↑ ratim marix

- this is what

makes It a

tensor

To see this
,
note that I & To are physical

refers which must transform as T = RT
,

J :Rt

under a retation R
.

: = R . I = R . I .:

Einset 1 =RR
= R-RRe

= RT . R sixe
= (R :I .RT) ·E

= It' ~
R is othogan

=> Require I= R .I .R if I, are physici vetus.



the linic energy is

T=[m
= Em,[Exa) : (Ex)i

=Erin WirinEtien We ran

Note the relation [Fighten = GeSun-SueSin

=> T= Em (beSun-Suebin)wiwaa

= : [Emrbi-rairail] wi

= :Fij wi

=> T=I. = 5 .
T



Example - Consider a point-particle with mass m

ratzing around z-axis Ga constant radius 9,

height h above migh , & angular retocity 50.

Z

E
Compute the elevents f

the inetic tase. B
- >

m
7

u
E = (0

,
0
,
w)

~
↑

&

& position O

TH =

e cost + psuuty + hE

Since the ration is about E
,
there are only

3-na-zvo components, Izi Exz =Izx , Iyz = Ezy

Fz = m(xz+ y2) = my
T =- mXz = - mhp cost-Xz

Iyz = - myz = - Whe Shot

So
,
[ = 1 : 0 = Ixzw* + IyzW4 +Izw

=- mhec (cost * + Surty) + myw

Exercise : compare [to [ =x mi.



Notice that if h=0
,
i .e
,
the magi

is in the placef rotation

=> Th== Iz

which is the result from Phys 101 . m

Example - Corpite the initia tensor

of a solid cube of mass M and side length a

about (a) the corner
,
(b) the cater.

Corpte [ for both cases give

5
,

= (1 , 0 ,01 & To =#(1
, 1, 1).

25

for a continuous distribution ~
Z

Ez
T

Fij = /(rSij-vivilpar

where se -
Cw

,

- Carner (patO) = (0
,
0
,
0

<
X

- Ceter (portC) = (,)



Cas for port0, constant

Exa=zt
= p(ax(53) (Saz)
+e(tax)(d)(fazzz)

3
= 9 . a .

a
. a + p . a . a -

=
5
=2)

=> [x(0)= Ma

By inspection , End Iy(o) =Iy(0) = 12(0) = Ema
?

The product ofcutic is

Fxy(0) = -ex
--()=

By inspection , find all products of inenta are equal



So,

Icon =Man)(
- 14 -Hy 21

(b) for poit C,

Ex() =ple
= A

. a . a . t
- 2[(z) + (E)]

=Ima
Likewise

, Iy(4 =Iz() = tran
9/z

[x() =15ax=xy = 0

- 4 - -41

Sod integrand
over even interval

=> All Iij = 0 for if ;

E ICC) = tMa
=IMa 1 .



the angular momet, we

[
,
(0) = # (0) E

,

= Make( - Vy:-ty - Ny

= (8 , -,2)

[2(0) = I (0) · En

= Maw()( , )
= Maw(1 , 1 , 1) = ta65

Fa patc,

[
,
(C)=(c)· = Ma1 . =Ma

[x(= (C) ·E =Ma· = ↳Make



The previous example shows something investing
,

for a particular choice oforigin and/or axis

F rattion
,
the relation [ =1:0 sinlifies

such that I 110.

this particular set of axiswre called

principal axes · The monet of inutio about

the principal axes is called the principal moments ,
and generally the moment ofMatic is

I=I G I
o o by

so that I = 1 to
.

Principal axesae associated with some symity axis.

Theorem : Existence E Principal Axes

For
my rigid body and point 0 ,

7 three pepedicule axes through
O Sot . It is diagant

=> I =t and Ill E

To prove this , we need to recall some linear Algebra



Diagadizing a Real-Symmetric Marix

L us remind ourself of some aspects of

lear algebra , namey eigenytens & solutions.

Consider a real
, symmetric nxn matix /

We'd like to solve the eigenvalue equation

> Au=, t = eigenvale
-

(I =X) = eigenveter
number

This is equivalet to (A-11)v = 0

Fromhear algebra , we know that this has

a contrivia solution (t 5) if do(A-41) = 0
~

characteristic equi
This is a polynomial of degree n . In gened,

it has a Condex solutions.

For each solution to , def(A-11) = 0 .

5 I a full recor f -X1 ,
i . e.,

* = +(1)

andNo a cigaretor



In gened , EEK". LOS not 12) on the

left by Ent = (vi)
*

(t : Conjugate transpose

Au=

NotE I = licker

= +=
Recall thi

,
on gued , taE D , so it is

a 1x1 matrix and is symetric , -=1

Shild , IFIERE (IEIT= /Fai

So
,
take transpose,

↓c = s = [A
Recal (ABCIT = CTBTAT

=> (cAc =A+ T,*

= v+*AT 5,
*

Now
,
A is real and symmetric> /AT= /A=A

*



=
=(*

: + = ** - 1 ER

for real
, symmetric natix /A

Notice also

#** = At]-X
*

So,I is also aeignetor of save egavalue
a E. -> Ca take Ec +E

,
the mot

also be an egenwater with eigevalie to

But, +% = zRe(va) ER"

=> through suitable manipulations
,
all engenators

can be chosen to be real.

We may also normalize the eigerators

-Y ->He



From now on
,
assume If is normalized

Finally , consider two elgenvalues t As .

then
,

Any =1

& Av=1 =A = X,
T

take transpose
At second ege.o

=>A =Vi
Il

()=

: (ta-ts)ti = 0 =T
. V = 0

We conclude

TT.s = Sar Couthonormality(

With all this
,
we can now show that A

can be diagandized as A = I DNT
where D is diagno marix with the ejevalves

on the diagand and I is an arthogon marix
formed by placingE of column d in the same

order as by in D.



Proof . Since I are authornorma
, they form

a complete basis & we justneed to show

Auc = (IVDNTE-

In the usual basisf/A , , = (, 0, 0, ...,0

E= = 10, 10, ..., 0

:
-

ec = 10, 0, ...,7 ...,0

We can write the s-elevat at elemet

of theC-basis wow (Ecly = bas
With this basis

,
we can expand theeiguetor as

c = Vases

the
, Nas =

Use is an cuthogad notix IV
"
=NT.

To see this
, I = Ea ,

also

(NT) = [(NT)) +
= [(Nup()r = Ver var

= T . Va = Sar



=>I = =N =E

=> NTV =1 d

Finally
,

(NDIVT = VIDE = 1,V =+c=Ava

: A = N IDNT



Principle Axes & Principal Manets

For theMatia tason
,
a real symmetric morix,

we can diagonalize it , i . e.,
choose a so f axes

,
such the Illi.

The diagant elements are given by the

eigenvalues I , i. e, the solutions to

do(I - + 1) = 0

Example - Principa axes of case about corner ?

Recall from previous example
~
Z

#o =
Mar( I

- Vy -Het
=~ I <

X

-3 g

with M=M



So
,
we wat to solve do(10 - 11) = 0

8r -1 -Tr -3

11=> det -I 8 -1 -3r =

-3 - 3r 8n -1

To solve, note the following :

Refacing a colum crow) of a matrix with

the sum that column (row) & a

multiple ofanother colum (row) does

NoT change def.

Multiplying a column Crowl by number,

muftipies det by same number

d[in] = [a Idet·
So
,
tala

[
- bu

Ione - - 3

-br -3 8n -1
--

take Col1 -> 2011-col 2



-3r
=

0 - 0(i -]
O

-3 8 -t

rowz -> row 2 + row 1

-3

=de[ -Gr I
-3 5 -1

col2 -> col2-col3

S -3r

In -1 - Gr-a
-1(n +t Sn -1
I
[

t

row 3 - rows + row2

=ed[ TI
So, ful

dif... ] = (1u-+12 (2 -+ ) = 0

= St
= zu

xz = 1y = Im



So
,
the principal moments are

#j =D =/ I
What about the axes ?

Wat
,
en
,
es

Firs
,
fund,we associated o X,

Solve (10-t , 1) to ,
= 0

( I>

M)
-3

= 24
, x
- wi

, y
- 47 = 0 (2)

- V
, x

+ 2w
,y
= W
, z

= 0 (b)

- W
, x

- Wi
,y
+ 25cz =0(

Take (a)-(3) = Wix = Wi,y

From (2) - W
, x

= Way = W
1, z

So
,

to Il (1 , 1 , 1) -> Nordize to find

= (1 , 1,



this means that of to=we,

HO I,IE =WI = w+, = + , % ,

= [ = X
,
Es, ~

Z

,
For Es & Es

,
12 = 12

Solve

·
(10 - +21) = 0

=]( =0
=> wx + Wy + uz =0

Notice that this is equt to E .2 = 0

-> to needs to be othogad toe,
= =Res need to be othogad to e,

Two such solutions are

= (10,-1),

(verify



So
, principal axes (eigurators) are

=(, 1)E (0-,

The principal axes ~
Z

7
,

correspond to symrtig
f the cube

Boot the bodyO
Y

diagona with

co 50
.

x ~es

vez

Ca decorpse I = I DoNT

with Do= Man(

= M

E



Precession of Syndic Top due to weak Toque

Having all the tools in on arsene
,
ht's apey

them for a "sidle" physics problem

Consider a symmetric top with mass M and

chatia tusan I = diag (t , starts) in the

basis of its principal axes , (e , Ez , Es) .

It ratates freely with its tip pivoted of a

fixed point O in a lab frame lineta

Its CM isa R. Ess 17

-w res

We assume its angula
22

velocity is initially
aluy its suetais.i
= wes u

·
-

L
O -

The anguor momentum is X Y

initiat Cinitio Config)

T =I = ty wes



If we release the top , gravity will exet a

torque, and cause a change of angular momatur.

The torgue due to gravity is =Ex My ,
of the

Cr wit fixed paint 0

If *=0 (e .g ., Exg =8)
=> I = cas.

to see
,
take

(),= (we)
l

= x (wes + w(d)
She Elles (d) x=
That is

,
Et is fixed in the lab frame tool

- w =0



If #G ,
but 2. , W: we small , so Eve we is

=>I and is renaiss small

So
,
For gives (AL)-

10

=> + (we + w(d)) = Exy

Since is =0
, (desExy

Now
,
Fe =Res

, j =-g = Ex = Ryexe

=> (d)
Z
1 -Defi = MR Ess 12

-w
-

= the stat netheto rates wi R =MB
tw

about E axis

=> procession -
L
O -

X Y




