
Precession of Syndic Top due to weak Toque

Having all the tools in on arsene
,
ht's apey

them for a "sidle" physics problem

Consider a symmetric top with mass M and

chatia tusan I = diag (t , starts) in the

basis of its principal axes , (e , Ez , Es) .

It ratates freely with its tip pivoted of a

fixed point O in a lab frame lineta

Its CM isa R. Ess 17
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The anguor momentum is X Y

initiat Cinitio Config)

T =I = ty wes



If we release the top , gravity will exet a

torque, and cause a change of angular momatur.

The torgue due to gravity is =Ex My ,
of the

Cr wit fixed paint 0

If *=0 (e .g ., Exg =8)
=> I = cas.

to see
,
take

(=we
= ty)is + w(d)

She Elles (d) x=
That is

,
Et is fixed in the lab frame tool

- w =0



If #G ,
but 2. , W: we small , so Eve we is

=>I and is renaiss small

So
,
For gives (AL)-
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=> + (we + w(d)) = Exy

Since is =0
, (desExy

Now
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Eulers Equations

Newton's Lars of motion for a body ratting in

Some inetic (space-fixed) frame So
nZo
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&
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Recall the 22

er2 ~ Y

(e)= (A) + Ex Soxo
V

fixed pivot on CM

X

Where S is a frame fixed to the body.

Therefore
,
we find

i + Ex = F in body-fixed frame S

Notice : If T= = I is conserved in So

Bu NOT in s !

The use of the body-fixed frame makes it possible
to choose the principle axes of the mount ofnatia ,
(E
,,
Ec
,
Es)
,
as the coordinate axes.



Therefore,

T= E = 1
,
wie, + +wee + tywa es

So
,
i + Ex =

↓, - [te-13)w ,z = Y
,

+ z2 - (+3-t , )waw , =

↓ hig - ( , - + z)w , wz = 43

The are called the Eller Equations of rational motion

An example is the symmetric spinning top we considered

before
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The other two Ener equs . are # 22
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Take theaxis (E3) to be o Spherica aghs 10,4)
in the space frame , we find F11 Y.

Les choose the axes of time too such that

, Il F 115 und Es ~
Ez? - n zo

3
is in the Xz place. 8 L ~ O

- rR
The CM is & F-RF ~

where my is given by
mine. Es
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my =my(= cust +S08) . V
X

At time t, , will have ratted

by a angle Wet around Es (since We = 0 E We= 200.

Therefore, = ↓Smit , Fu =N cosnet
where

↑ In1 = MyRsno

To solve the remaining Euler egus, we introduce a

Complex variable

n = w, + iwz



Therefore
,

i = w , + ii
=&( + i Nz) + (1? - 1)03(

- 22 + i w , )

=> i = in
st
+ i( - 1)w-4↑,

We can write the solution as M = Mu + Me
the homogeneous eye is

~ particular
solution

horogneous
i = i(13 - 1)w54 gene solution

which by direc negration gives horogueous solution

My = A exp(i([? - 1)wt]
1

TBD from ICs
-Wyt

The particular solution is M
.

= N
.
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FixNo by subsitting into EOM
,

- i6,%= + ( -1)04
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To Fix A, the IGs as w
,
== = 0 - t = o

=> y( = 0 = A + Mot A = -Mo

So
, altogether

M()= /e(
-10t - c -v+ ]

Writing E = E1 + Wies
,
the small torque condition

is

141 = 181120s & 01

= W Elgh
~u

=- = the precession frequency
Zero Torque

Thezwo-torque Eule equi . are

↓, = (te-13)w ,W3

↓ z2 = (+3-t , ) waw ,

↓ ciz = ( , - + 2) W , we



Let's consider again the "free" main of a

syndic tap , tite n Es being the syuriy axis.

Then ty y =

& i = - (1 - 1)waw , w = + (1 - 1)w ,we

As before, introduce 1 = Wit :W

=> 1 = 1232 wher Ro = (E-1) we

The gard solution is M = A est
free precession

So
,

V

E Acusiate , + Asindeste + Was

Notice that since [ = + , w ,e ++acze + taWe es

= ↓
,
A cuscst

, +he Assiste + 1s we en

Betz e [ =, A Caiswest + Sister) +Haliyes

Definef via En=
1
+ We es

where Ene = o

The
, I= .0 = 1

, 01 + tywse



Geometrically , since the purpedicular comput of E.
[1 = + , 01 , is paratel to1 , I should be

in the same place as & Es.

[
Andistically , we can Pl

1
show three retrs ,

sm
I
,
B
,

C
are in the +

same place if
-
E

I . (Bx) = 0
P

T . (Es xi)

= +,. (Es x1) + 13 w - (ex])

= 0

Mus
, we see that 50

,
I
,
&Es all lie in the sure place.

whatif ti +2 ?

For a body whose principal moments of inetic

are all different
, we may assume +, to s +2

to find

E
i = (tews) w
= (w) w



As long as w, & We are small
,
we remains small

& we ca take his to be constant . Then , the

two couded equations for w. We can be

solved easily

= Het (s)w=-tw
Since (tz-ts)(ts-t , ) 30 , this solution will have

a real exponential solution-which is untable &

grows rapidly .

In fact
,
a my strong statement about this

insibility can be shown to be true :

There is no purely decaying solution weat

200 far any initial conditions.

To see this
,
not that Synci) = Syn (53) · Syn (2)

For an initial value 2, It= ol = Woo ,
we have

Syn (20 (t =0)) = sgn (W3) · Syn (W,ol ·

Shatty after two, Sgn(22) = Syn (Walt =ol) = Syn (Wel · Syn (0 ..0)



So
/

Sgn(i , (t =0)) = Syn(Ne)-squ(02) = Syn (2 .,0) .

this is a constrait that must be satisfied

by all initial conditions & solutions.

=> It is Not satisfied by a purey decaying solution :

↳,~te [0 = -W
,0

=> syn (2 ,0)
= - Syn (w ,0)

which is a contradition
.



Euler Angles

The Euler angles are a special of of angles which

are frequently used to describe rattiod nation
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From some fixed conducte sitem (x,7/ 71 [Eyz convention]
1
. Rotate about t by a
2 . Mutte abouts byO
3. Rate about es by It

By definitio
.
E = i +Gi + Pe

Can decompose E,i, a s into , ,e . Es

Z = cost -since,

S i = cosite, - sint Es
= = since + cost 22



Therefore

= = (- &Sint cost +Este ,

+ (isosin2 + O cost)2

↓ (ie cost +2) Es

We canso express
it in funsf *,Y,

S = -She + cosy
ex = SinoCosy+ 320SinY + cost E

Therefore,

: = (-Esiny + isntcsy)x

+ Loca + i sindsingly
+ (4 + 2 cost)

Note that far a body of& axis of symetry paralled to Es
,

the titz far
my

chosen axes I to es.

For example , esses work jutas well as Eden

=> E = -isind ei + Gei + Licoo +i es



We fund the (t, =+2)

I =I w

= (-1
, 450) ei + 1 ,82 + 1s(yca + v)es

Note that

= -sid
,
Ele = o

,
es = cust

= & L
= [ . = +

,%20 + 400

↳ =+y((cost + i)

Finally , the lintic energy can be written

T=.[ = 1 +, (1520 +84 + +s (icd+2)

Spinning Top
We are now in position to the solve for the full

motion of a symmetric sering top
The Lagrangin is

2 = T- 0

= It ,(20 + 04+ /Eco +1)"-MyRao



Notice that of is cyclic

Py ==,so c

=Const = Lz

Notice thatso It is cyclic

Py
= C = +sliscod +2) = cont. = La

Fully, for O

=So

-↳ i sno (icso + i)

+ MyR SinG
The two

nergy is
conserved

E =T+ r

- + , (2Si + 84) + 11 (icsa +2)2 + Myr cost

writing iTerms of Le & ↳

E = 11, ++(Es
+Ets() + MyRcost



We can write this as

E =1 ,

02 + Ue(0)

Where the efective partic is

Weld =(+ My se

Depending on the energy
- the top , the angle E
O = age between the-
symetry axis& the

z-direction will vary
bowen two limiting valuesiatto

E Es 01
N M

If the energy is exactly matched
G to be at the minimum of Wet

,

# & will be fixed. An especially

sinde example crises , since
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·
-

L -

X Y



Since if =R is constant
,
the top will process

of a fixed angle O & constant angular velocity -

From the expression for eagy,

def= dete

=>Lacostcaso-ty.+My+
,
sinYO

Since=cod
, we for a

1
,
cost - Lyn + MgR = 0
u zu zu

a ↳ C

=> al + bh + c = 0

There are two solutions : I=Pac

when bac
,
we expand Eac = b(1-2)

So,

E
2 +

= =

3 = &R =MR precessia

&- = == fre precessi



For the angular monation , we have

T = -X
, ishtei + La es

Since E
,
Ei

,
& Es are all in the same plane,

the horizontal compared of I is

Lu = -1
, 09 sho cost + La sho

For the large solution = ->=+coso
we find

↳ -1, sudcasts

that is
,
I is nearly ratical.


