
Nonabelian GangeTheory
We have see how to castno QED from

considering local U(A) gange synntries. For

strong , and weak interactions
,
we postulate a

Simila construction on be made. For example,

We saw that in under to have a consisted construction

of hadrons from the quark model , we introduced

SUC3)c , the color degrees o freedom .
So
,
10

us consider a class of non-obelia garge themis

based i SOIN).

First
,
Let us extend U(A) scale QED .

Consider a classical theory of n-complex scolors

ej , j = 1
, 3 ..., .

- assume same mass

↳ = On, De -mic
*
4; -14:

Think of 4; asa-component object which transforms

as a a di up . A of SUCN)

-
Uca set paanders

group element
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4j(x) -> 4j(x) = Ujn( 44(x)
M

Y merix sp
(nxn)

with Win) <4 = [exp(icTc)]in
To = geneders of SU(N)
-> [Tc

,
Tb] = iCas'To

> strudue contents of Sow

Example : M = 3
,
U the E of SUCD)

then
,

Wild = [exp(id'tal]
;
- ... 8

-

Gell-Man varices

& is an gurators of su(b)
in the I rep .

Example : n = 3
,
U the f SUC2)

ther
,

Vin(64) = [explicetell
in
vewars d

3 Sul2) gurdes , To 3 = adjof of Suczl
=> (Telin = -i Erin



So
, Lagrange density In for n-scalers doesn't

tell you the group structure (way possibilities) :

For global symetries (c = Catal) , the paintial Visi
must be chuaiat (transforms like > single) .

It's allowed far depends on the group -

e .g.
f -U(3)

= x2 = 1
*

+ 6 PE
* = +

If Su(z)

3 x 3 = 1 + ...

* = +...

~
o

=> I is invaia under global transformations (assuming VIY) is)

Y+ U4 , et- put > since UTV = 1

=> yty -> y utu y =y ty

and 84 tractors couninity under global transformations
becaused" are costals

2 -> &(U4) = UG



How to make this a local transformation ?

↓" = C(x)

Now, 24 is 1 corcial since

24 -> q(uy) = u84 + (20)e
Corrie

M

sit coverin
piece

Repeatidea used for QED
- Define new carmin deriucine & I such the

it is invariat under local
gange transformations

.

Define : convection

↑
W

(D(in = SinOn + i An" (Talju- Y
1 1 -

nan opedo for eid Ta Hartin gareobject
de which Dracs .

g
= Coupling
a = 1...., 02-1 gange fields

Also
, require

AicTa -> UAT, " + (qU(U



Nate that these are matrix equs . Als, Dr

Cantiles To Form of De depends m what

it is ading on

Quite after
,
one defies on nxn gage field

(An(x)j = Am (Tolja

Prof that DX is comment if X is covmind
.

Le X E n
o SUCN)

,
st . X- X = UX

In this notation
,

uxn Morix

PrX = 2X + is X
.

Under local gange transforndias ,

Px = 2(ux) + ig[uz0" + j(2u(0 ](ux)
= UGX + (2U)X

+ iUAUY(UX) + ig(tj)(20)G (x)
= UGX + (2U)Y

+ igUAX - (2U)x

= U (3rX + igA_X) = UP,X it



So
,
if X+ UX = D- -> UDU

Nate the Abelian limit
,

u = eid(x - T= 1

So,

*T. -> UAT, U + j(20)
W W W

An -> eAne + j(ibd) e " e

- A + A - , 24 /

Therefore
,
we have a new Ingragin I

2 = (D41"Dry-myty-Nin
which is invored under local SUCN) gage tracoriations

thatincludes 21
gange fields A -

We now wat to include a hintic for for As

We equire that it is
Lone invariat

, locally garge

divariat
,

It order in derivations
,
a generies Maxwell

.



There is a usefal "trick"
,
with profound

canations to geonery ,
to find the fidd-sregth

tasar for a Sucul field .

Consider the UIA) case,

[Dr ,Dr] = [2 + igA_, Jr + igAr]
= ig2Ar-igD, An
= ig Fr

-> igEr = [Dr , DoS

For SUIN) fields
, > Morices

[D,
Du] : [Wn + igAm , In + igAu]

= is 2 Av -igInAn + (ig)" [Ar , Ar]
= ig Fru > No Zero

forSu(n)

=> For = PrAr-DrAr + ig[Ar ,Ar]

This is the SUCN) Field Strength tensor .



voice the we ca pull out the SUN gurtos

Ear = EmAr" To -OnA
:
"TatisAAn [Ts,Tch

= (2A: -On A -glsAnAr) Ta se Ta

= Fur Ta

where En = An-OrA-gCx" An A

Noe the Csc" = Case for ~F1
gange

fields

1
CAssure killy vetric)

sa
,

Er = G Ar" -In An-g CaxA"A

Recall that D- -> UDU" under local trasforations

-she Er"[Dm ,
Du] Er -> Vert

So
, Fr is corrriat , not invariat (unlike QED) -

therefore
,
to go an invariat fer in the Lagrage density

We take the trace
,

i . e. Iketr[Fruf- trace in varix space of N

-> Event"ufrut] = tr[Enfr]



This is invariat for my To .

From
group theory ,

tr[Ta
,
Ts) Sas for

my up. SUCN) .

Consider & SUCB)

(Ta)in = [(ta) in

=> to[Ta Ts) = tr[laxs] = 12 Sas = !S

This nareditation can be chosen for A of SUCN)
.

With this choice, trace in the recor rep.

Ike -ter[EvF -2)
=

-E A

Reduces to -EF for U(A) case correctly -

Therefore
,

the concede "scala nmobelia
gange thery

"

is

2 = <D4)(D 4) -mety-vix -It[Erf-



Notice that An rust be massless to

Maintai
garge invariance

,

-> -IA"Ar

is not allowed o I
.
[Hoot (1973) showed

that non-obelia garge themies are recordiable with

Suitable ~ (e) .

The iterations are roe conflicted the

Scala QED
.
Noice the in the gage field

Watc term is

&-
3
g Cas(Ptr)"AnAn , g Case Code An An AnAn

M 1

triple gae self-radia quatic garge self-i.

This gives intending dynamics , e.y . bound does of gluos
in SUB3)c · This type of theory is yourally called

Yag-Mills thery (1954)

Zu = -I tr [Enfm



Indiana Qualization of Yag-Mills Theory

Yog Mills thery is a self-reading gange-field theory
invariant under SUCN) local

gange transformations.
LO

us look of its quantization . The Yngumills action is

Sin =- dix tr[ErF

=

- ex For For a

Like Abdia
ganga theory , Yang-Mills suffers from the

save issues upon qualization . Let us use the

Fiddev-Popou procedure , anticipating a petubtive
OFT in small compling g.

SNA eisaix
2in

~

insel Faddeer-Popou mity

↳ us focus an Lorat-ganges (Rs)

Ga(A) = &A -

"
= O



Following the save taps as is QED
,
we find

SNA eisaix
2in

- (SOC).) Wai sail S(Glais) eifax
Zin

- N((DC) /Da sle enx(Zin
- 53(2-A! l )

↑ Reset Gansson weighted
gange

transfered:- integrad over all possible
parameter jarge configurations .

The essential difference between this and QED is

the here Di is Not a constit , and can't be
Proved from the integra .

-(A) = (NCS(G(A,
"Y)

= det'(G)6
= 0

= det(3-Stace e (
To evaluate this

,
consider infhitesimal transformation



A= UAU" + j(2U) with U = ed T

if 1 = u = 1 + id Tc
Tat=To

=> t =A Tc -> (1 + 1'T. ) An"T, (1-id Fi
+j(i2xTa)(1 - it* 5st) +0(4)

= A
:
Ta + i<"Al (TsTa- TcTx
-↳24 Ta + 0(xY

=A + i <
"

A(i(xa) -52 x") Ta

So
, SA : -5G d

" -Cascd"A? + OCCY

·

S(Ai) =det (2- ( 52 64x - (C'A)
= det (2-(-, G- Cab A 5 (x -3)

depends on A !
= det [Mas(x -x)]

Such a determined can be rewritten as a Gaussia integral

over fiditions fernimic fields [ix) and CPx



dat (Mas) :JN eif
Mas(x- c

iJaix ='D [S "Un + 5CasA) ab
- JODc e -

kindic term f L

coupling to
↑

a massless bosonic field ,
field (Yet

,
is an feries?)

Gage

The new Imphysicall degrees of frezdon on called

Faddeer-Popor ghosts
(Have

way
Sics)

The etire quarter Yang-Mills Lagrage desity is tha

Zin = -Ef -1 (8-Ail" + 20
- /5
n
+3 A

22

=-An" -Gray-(2-A + 2 c +I

where interadia term contains ghost-gange and
gange

self-iterations :

2
=
= - gCcx(2[Y) Anch

- E9C(G
-
An" -On A? )A A PU

+ ↳ Case Cade An Ar AlrA su



Nie that physical observables are independed of

gange
choice and glot . Bo, thesewre needed

to usure prope
features of the theory under-by -order

in putubation theom, as, miturity . Some gange

choices on got rid of gloss (see EW theory & miturity garge) .

Feguna Rules

Assuming the caupling is small
,
we ca argaite observables

as a putubation seres in g,

C

z[ 1
=

i 7
. Sim Due Trg-Mil's

slid fidd ,
(

= eifal 21 fis , itis .jseFin 3 2 158, 2!
h

zs 552, 4! ] =
ef Ge May

The propagates see

M,me u
,
b =-i<as/9m - (1-3) KGv] Sgaee

4 b = -i = iG"c (ghoo)
1

Notice



The vertices can also be dried

e,a

in =

a'4
+·

↳
a

a -is Case [19, 95en + (92 -Es)
~ Jus

Pr L
+ (E) -E . )v9r]

q
,
+Ec +4,

= 0

if =~
a

s
U
,
b
emer
,

q
,
+2 + E + 4y = 0

= ig2 [Cabe Cade (9+ Sup Jux d

+ Cace Cade (YSxs-Bau Ind

+ Cade Cabe (9mx Grp -90x9nc))
~, C

iN =

h
,

E
↳ z

= - gCask,
L m

- b



Narabolica Spinar Field thery
Repeat previous for Spike fields

.

Start with globally
draiad theory

& = Eit;84; + h . c. -mi;4;

with 4
,
- h of SUCU)

-> 4) -> Win tu

Already know DX is courin for all X -> UX

=> Immedialy got naabaian spiar gange theory

#lif*+ + 4 . c . - n24 -It[Enfr)

Warning : May suppressed indices !

& has a components itj , by also

end one is a 4-compone spiar.
So
, really ↳

x > X = 1
....,4

j
> j = 1 ...

e .g, A is really

C = (e) "SinG + ig(yr)"A(x) (Tal ju



Quarun Chronodynamics
Consider first single quark flavo, u .

This comes ina colors
,
RGT. Label colors as

j = 1
,
2
,
3.

~ suppressed spiar indices
E quark field isPuy , i = 1, 2,3

Suppose Us transforms as E f SOL3) <

Ita
;
-> 4 = Ujn Mun

When Win = [exp([ : << ta)]in
Gell-Mann utrices

This theory has a global SUB3)c invariance

2 = bin, 42, +hic-min; Tn;

Pronate to localivariance

=> Sind -> (Deljn = SjnG + ig , An(Eta)jn
- 1

a = 1
...., 8 for 50(3),

and Strang Coupling => 8
gage fields

W

= &An - B,An - 9, fasc AnAs "glnas"

1

Bu (3) stride constants



So
,
"one-flavor GCD

15

is

2 = binn* 4n + h . c -m, Ea4n - Et [G-G")

Fr full QCD (6 flavors)
,
introduce flavor index

f = 4
,
d
,
s
,
c
,
b
,
t

We then have 6 quark fields ↑ with masses MF

Each Flavo has b colors
,
so really ifj

Each Farion has 4 spiar components , so really 4

Theory o 3x6 = 18 free gurhs is

↳= it, 47
,
this -Emptyi

Notice the this has global SUC3), syundry. Can also

Consider SU(6)f(flava) trasforations. This SU(6) +

is broken if my depends on F
.

i. e.,
↳
f
,
is a b of SU(b)

,

& a6 of SU(6) + (broba !)

Can also have rass-mixing terrs , which can be removed by

diagadizing in SU(6)f space .



To got 6-flavor QCD, provote SUC3)
,
to loca

Sturdy , leaving SU(6)
-
(broken) global .

i
.

c
, adig a 4 f

,

E -> (Delj = 8,14 + is,Attai e glas
This gives locally SUC3) , invmin, globally 50(6)f broka

themy,

2 : Eid2.*4+ + h c . -[m, E4 -[tr[GoG]

This is QCD for 6 quark floors. Upon quotidia , this

is a thony of interating guarks and glums, and self-invading
gluous. This is a very conflicted theory becauseis

is in small
.

Lattice methods have made it possible to

compete Low-cagy physics .



Generalnonaelia Gange theory with scalars and spars

Let us assume a renorndizable
,
count inraial

SOCN)
gange theory of a scala and spiar field. The

Lograge density (schematically) takes the form

2 = (Die (DMG) -mety-vie
+biF44 thi c . - n 44 + g,y

I

- Etr[Euf1V]

This it !

Cornets

- Scalars ca be in seveal ups. E SUCN) , 1 .', " ...

fernias Ye -
/

- 1 , 1 , 1", ...

- This
,
the coveral duraine Dr = C + igAn wears the

To in An is chosen appropriately for different reps .
2.g., CDGHCD"4) way be

(DYS(D-Y2) + (P-Ya)"(D
-

Ya



- For the Yukawa term
, 9,

4954 , we and

ensure gargeiomiance. So
,
if C EH , Her , t*

then the Coupling,
9, Un* T

must be such that ****
'
> E

So
, (iljne and have syundries that seled a E

e .g, if 1 , /5 = B I SU(3) , cand have Yukawa

couping because Ex** x Y = x X PE

-Differ natidets m, .. 4 , 1.. ...

ca have differed masses .

- Also, ca have terms FTVs4 , or 4 could be chird
,

e.g;
it could be 4, = [(l-r5 4

or 4 p = E21 + rs4

or Majorna 4 stisfying 4: 2
with 4= <FT

also
, possible 4EUs

By
,
no Loct-volding ters , [V4 , ErsV4 , To i



- NCC) is a polyorial up to order 4 i 4 ,

constrained by gange invariance and herrificity .

e.g , can find

2454il"
, Given YHate Yo

Has syntries ensuing 1994 I

- the gange group could have a product structure

e.g,
OG = G

, xGe
M 1

N gunders
M ganders

=> Algebra has form A = A
, Az

=> Two sis o gange fields

Ike = -Fur - *GG tr gronespa one group

Covariat drivations as the

= E + ig
,
AT,
"

+ ig, B
"T

cr

-
M

independed couplings appear



for example, and fator could be U(1)
,
other could be SUC3)

<

=> Result is nonabdia
garge theory describiy QED & QCD

2 = EFD4 + hic . -Emo
- Itr[GuGr) - ↳ TrFr

where ForEAr-Or An

Gro = CQ , -CrGr +"9, [Gn , Gu]

with AmEUCH , G=G" EBUC)
,
c = 1
....

8

and

D = G + iQ An + ig, Gr
↑ 1

EM compling strong Coupling
( Differe changes for f

Nate: Not truty mified because I coupling contents !

- Could also have rennant global syntres , "accide sund,
"

-Disade
, es,

if 49ty" , 4t -Y
- Continuous

, barga number 4 -> eit et

- TheStandard Model is based on this I .


