
Lepton Anomalous Magnetic Moment
The monatous magndic moment, 9-2 , of the electron
is one of the crowning activenes of QED

.

Experiecital measurements and theoretical calculations

agree
toare pat in a trillion ! The g-z

of

the muor is a strong test of the SM as it is

sensitive to states beyond the SM . Measuring g-2
of the muan provides a probe into new BSM physics.

Here
,
lets focus on the first radiative correction

of the leton y-z .

Recall that g
is a measure of a lettous susestibility

to magndic fields,
i =g5
je

gyromagnetic raio
Spi operator

To calculatea in QED
,
consider a lettor (here

first focus an electron) in a Classical (or backgrand
EM field

2
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·

)
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We was to compute the one-body scattering
amplitude and corned it to the non-relativistic

potential V =- B .

im =

"F
-

x
P

-

9= 0
=04 ~ classical EM field

X

e.g ; from
static unders

One-body amplitude has generic structure

~
Momentum not conserved in

bachgrund field .

<pisiT(p ,5) = 2πS(E- E) :M

= Episi/ieM(pip]ucp, n (q
-

iq : X Cl .

E ,3) = Ja4x 2 An(x)M

The vertex funda ,M a general contains 12 tensors

formed from momenta and
gama

matrices. We ca

simplify things by considering on-shell lestons only ,
that is we use the Dirac equ.

(-M(U(p , S) = 0 with p = m
*

[spist(A - m) = 0 with p
=m



This reduces the number of terms. From Lorentz

invariance and C,P,T Synery (recall GED is invaint

under C,P,T) , we can write generally

M = Ayr + B(p+p) + C(p- p)m
Where A

,
B
,
C are scalar functions of

Q = - q2 = - (p p)" = 2pp - Zm2

The EM current is conserved
,
so from Ward identity

0 = q
-
M

= qr(Ay + B(6 + p) ~ + ((p-p)Y)
= A 4 + Bg : p + Cq2
-> q : p = p. - = 0

↳ Elpiqu(p) =0

= Cq2
=> C = 0

Also
, by convection

,
we use the Gordon Identity ,

iymu : if let +i n

where or = i (2,jus



to write the vetex function ↑
"

in the form

Nes = 2 F, CG2) + ivgn Face

E
,
is the Direc form-factor

Fr is the Pauli form-factor

The form-factors contain complete information

about the EM fields influence on the lepton .

To gah an understanding of their physical wearing ,
let us consider time-independed field configurations

"(x = A"(E)A
ar, ~ Cl . ~ c.

Ar(q) = 2π S(gy)A(q)

Electric Coupling
Consider a static electric source Afcxs = (4(x) ,O

- Cl.

=> A() = (2), )
Mus recover in non-relativistic limit

V(x) = eq(F)
So,

~
im = - ie Epist ~pip up,

suppressing
SE- E) = -jelisig go F, +gorge Faluspis Ea



We wat to examine thenm-relativistic limit
,

q = (-P) -> 0 ad p - 8. .

sos

Epist Nipswip, = Elis2 °

up, F,

= upjsin(p, 5) F,
Recall the Direc spirors in Chiral basis

ups =(s e ( with O= (1,)
F = (1

,

-E

and 3
+

= (b) , == (i)
In the non-relativistic limit

=
=T(1 -T
=

=( + +T

=> utspist H(ps) = m (Est, 3)(3) + 0(8,1
= 2m is t is + 018,P

=2m 85 + 0(,

(spin preserving



Therefore
,
the T-morix element is

iM = -ie F
, los9919) · Im 85

Let us compare to the Ban amplitude in

non-relativitic quarter mechanics

< :T1p) = - i(5) . 2πS(E- E)

↳ states in NRQM

normalized as <88 = (2π)"S" % -P)

So, conclude

vig = -zeM

= eF
,
cos 19) · Sa,

keep implicit in WCE

Fowier transform

v(x) = ef
, (0) q(e)

=> F
, (0)

= 1 to all orders in pertubdia thery !

At zero monetun transfer
,
the Dirac form-factor is fixed

to 1 .
This is know as the charge renormalization

condition. In other words
,

"e" is a free parameter

in RED
,
and we fix it by requiring F, (0)

= 1
.



Magnetic Coupling
Let us repeat the previous analysis for a

Static magnetic field. Thevedor potential
of a static magnetic field is An = C0,E

with FB =* x E

Consider the E-componen

i " = ( x A /" = " D
:
A
;

Now, --*

BY(q)Bi = Jege
e

-EhcExig
eiFF
e e

Ehij Z
i (igexe)A,↑

8x

~
so
,
B - = Cris . Igsie E; (i)

= ichig;; = i thijq : Ej(5)
=+ izlin q:, () chij =- fini=Eijh-

Cl.

=> is"(q) = icling
,
E;

*

-
We was to keep terms

->

propational to g
Note : Peskin & Schroeder report

~ c.

Buc = -iEn q
.
A
; (9)



The scattering amplitude is then

im = -jetlpistpjpl up, ~"
= +ie Epis -spipl up, >
=+ iegis[WF,

+ ituen Fa]ucps-

2m

It is useful to use the Gordon Identity
iymu : if let +i n

such that ~ spin-dependent term
L

iM = iepisi[t0"F +i qu (F + E2)Jucp,s izm

T spin-independed
=> contributes only to kinetic energy p.

Keeping only the spin-dependent piece

iM = ie [F, + E2) list kugrup, ) le

We now take theun-relativistic limit .

Recall

up . x = π()
- q0)3 . )

=ii
(I + 0 , /

since we are already working linear ina

in the votex function .



50iM = ie[Fla + Ela]utisi Vohr r Ups Enie

= ie [Ficol + F
>
(0)] m (3st .mi) irourgr(is) En "ise

Now
,
our = =[VY,2

= Ecu-Vo
-23-Ur+"VEzgur

= iyngu-igur
30
,

yopurge = :8
%"y" -guv) &

=28oghy% -iyoghyig, + if'q
um

= - jogh

= - ir: "E+ irig"-igogly"zi- l
- Drop as ->0

I non-relativistic limit
, 250

=> goourg , = -irglyiq,
=

> :( # )(8." " i

=

- i(#)o oil i
= i (8,Woi i



So
,
the T-rarix element is

iM = ie [Fica + F
>
(0) m (3 st ,mi) irourgr(is) En "ise

= ie [F(a + E(01) m(En)
x (35

.
mj)<)
,%,woi) (i) 9; Fr"se

=

- i(E) m ( F, (a) +E, col] 3 ,+ (0 "0" + 0"0") 3 , 9; Any

= - i(z)zm [ F, (a +F, (07) Est 8 8i3
, 9 , File s

Recall
fors = giv 1 + it

wie
we

->
Ehie = -Eine

therefore
·"Gig; = q" 1 + i thilo 4;
-

~
Drop as -o

=> iM = + i (en) 2m /F, ca +Enc01]Gra
,
"El Este,

E
Recall

[5L = m!
Therefore

,
we find

iM = i (2n) . 2F(a +E (a) (en) /5) -Ei



Compare with Barn approximation

[ig) = -1 M
zm

I -
. 22 F, (a + Ecol) <52 . Es se

Fourier transform

~(x) = - - 2 [ F
, (a) + E2(01) (5) - Facea

↑

-

=

- (2) . B(

Lepton magnetic moment

(n) = 2(F, (0) + E(0)] E <5

Generally, M = GEs
L
Lande g-factor

so
, y

= z [ F,
C01 + Ecos]

= 2[1 + F, (0)]

&
charge renormalization

The Dirac equ . predicts g =2 , i. e., to leading order

in GED

g = 2 +Oct

=>E(0) = Oca)



Unlike the electric charge , y is not a parameter
of QED -> g is a pur prediction !

therefore
,
we can compute the form-factor

order-by-order in X = /44 ·

Ecos = E, "cos + E Cos +...

Oct Occ

It is convection to define Feld = Up , the

comalous magnetic momen of the lepter l

a = F2(d
l

= 9=

A connect on the UV behavior of as .
Since

y is Not a parante of the thery , it canot be

used to absorb UV divergaces of radiative

corrections. We would require an operator of

the form
1 =

g . eFiEE
&
This can cancel a divergence .



However
,
if QED is to be a renormalizable

GFT
,
this operator is NOT allowed as it is

a dimension -5 operator. Without such an

operator , there can be no UV divergence, or

the themy is not correc or not "renormalizable" -

Perturbative corrections to "g-2"

Let us begin the computation of the moncious

magnetic moved of the electron i QED.

We will

concentrate on the leading O(X) and next-to-leading OCL

perturbative corrections in < = 2/2m. From the Feynman

rules for an electron in a classical EM field

"F
-

x
P

M

~
quarter correction

-m
- L

L

· ·

-

q =0 04 &
-

I

& t & + Occ

X X

X Classical
EM field O(X) OCXL

M

vieNpio = vie Na C

↳

coupling to classical field



The quantum corrections have the form

L

~

Fr
-no -depudece

T = (f)
↳
conventional

The corresponding form-factors have the expansion

E= En for =1

Leading order

At leading order,
pr
- - - &

·

iM I
1

- iege + Oct
q =P-p I & -Cl.

X An()

=- ie Episi[V + 0()] up,s Enig

so
,
we find ! =V . Comparing to the guaric Loretz

decomposition , we conclude

E = 1
,
F
2

"
= 0.

So, g = 2 + 0(4 Dirac's triumph !



Next-to-leading Order

At next-to-leading order (NLO) , we find for

diagrams contributing to thecmplitude at Old

iM I
~ L

⑳

&
X

- · mnL

*
L

~ L ~ L ·

~
~ LEm m

t · ⑳
·

⑳ ⑳

&& & E &-v

·
X X X X

+O(x2)

The first two termsa Oc contribute to the

mass and wavefuntion renormalization of the electron.

The third tern contributes to the vacuum

polarization of the EM field. The last diagram
is the only correction to the vertex function



It is convenien to define M = y + 12,

With the expansion

1=
sie = V ,

-> N = 0
.

From the GED Feynman rules , the vertex correction is

pr k B
-

--neierL

-ief ·

- ieElisNip up, c = pil x-
⑳

- I p- 4

N

E-ppl &
- iege

-
where Mi iS

-B y zYip = Lielfal, Van
B

P-x-m

=

- Joh-isNeii-u m
with NV = U

,
[6-x1 + n V (f-x) +u]r

Note that we will always be interested in the

on-shell case
, p

=
=p= M2 , and the Dirac spars

acting an MY .



Form-Factor Extraction

Our task is now to compute 1. . In general,

loop integrals are divergent and require regularization .

We know that y is a flite prediction , which

means that the contribution to E mus be finite

and does not need regularization .
It is convenient

to isolate the contribution to E
,
and that we

ca avoid the complications of regularization . Let us

then construct projectors for the form-factors .

Recall

- = ja F, + ignfz
zm

The vstex is evaluated on-mass-shell
, Epist "Up, 3).

The Divac spiros themselves satisfy Dirac' equ
-MSU = 0 and T(p-n) =0

Since completeness relation is Upistless = A te

We exped the (Ptm) (4th) has the

same decomposition

(4th) -(A+2) = (ptn) /2 - F, + 109 - E] (f +e

provided p = p = m2
.



We now multiply on the left and contrad with both

- *

In =<Pipe and We , and then take the trace

·& tr[(q Fn)P N
-

(+m)) = tr[(p m)P(x+u)] F,
+ to [FulPo-"q(f+2)] i

· to [V
_

(pIn) + -(p+2) = tr[k( miX(x+u)] F,
+ to <Tn7o-"q

-
(f+2)] itz

M

Recall the trace identities

tr[1] = 4

triVx: Udant] = O
to/K-Vr] = 49 ru
tr[keVrVeVo) = 4 (9 Yoo - Gre Pro YrwJvp)

KV = 44

Krug = -Zur

urvy- = 4 gue

Krigegog = -zurpog



We note some useful kinematic relations
,
with pr= p* = mh

- P= (pp) = 24+20 : P
p + g = 4m2 ,3

q = (p p) = zm2- 2pip
P . q = (p p)-(p-p) = p -p = 0

p:P = p -P = 2m
2
- q3

p= E
=

- P- q I
T
T

Evaluating the traces

tr[(q m)P(++u)] = m tr[p'P) + utr(fp]
= 4n (p- .P + p-P)
= 4m(4n2 - qY want to express

scalars in tors

-

of moratun transfer,

to [ptu)Po q(f+n() = it(( e)&(f+m)

t
- i tr [(p+1)P.q(p+2)]

recall GM= if-y"-ig-v
with

,

~
P. q = 0

it((+e) 4(f+m) = it[p 40) + in tr(fz)

= 4i(p: Pg ·p-piqP-p +pip P+4inP
=

- 42 P. + P-p]E [
=

- 2iq(4n2 - 92
I => to [ptu)Po-"gn(f+u) = - ziq"(4n 2 - 94



tr[k(tm)2<++u)] = tr[2PYp) +u2trIkUt
== Itr[5p] + 44 2 tr[1]

= - 8 pip + 1642

= 4(q2 +2mY

to [f(Fu)0- "q(f+u)] = it (f
_
<Atm)Vq(f+m))

- T

-M= if -V-ig-v - itr(q(ftn)(p+m)]

= im tr [KAY-9) + intr ( kV4f)
- in to [qA]-into (gpt

=-zimtr[f) + Yintr(qf)

- in to [qA]-into (gpt
= 3 im [PE] - >intr[p ]

= 12 im (p -pt - E

=

- 12imq



Therefore
,
the relations

· tr[(fFn)PN(+m)) = tr[(p m)P(x+u)] F,
+ to [FulPo-"q(f+2)] i

· to [V
_

(ptn) + -p +2) = tr[k( miX(x+u)] F,
+ to [V(Fn)or-"q-(f+2)] i

simplify to
· tr[(fFn)PN"<P+m)] = 4 m (4n2 - qY) F,

- zig" (4m - 92) (E2
· to [V

_

(In) + (p+u) = 4 (92+ 2mY F,

or,

- 12inq(n
· tr[(fFn)PN-(+ml] = 4 m)4n2- 94) /F, t F2)
· tr(V

_

(ptn) + (p+m)) = 4(92+ 2n4 F, + 69 F2

We then solve the resulting 2x2 system for E
,
and F2

(b)(e) : (Fil

-(ii) ab'- (_ )(Fil
Ax(c, Fa



The determinat
,

AD-BC = 4 mq2(4n2-92/6 -14(92+ 2 m
= 4 m9274m - gY) (4 -92n2)

= 42(4m2-9

E
, form-factor

Eic(DT,
- BT2)

=

4in 2g2)2

X tf(69"4 - 4m34n2-929 Ve) <PFn) N
-

<+

= Pant( -P) (fIn)~f+

Fe form-factor

FeBc)
-CT

, +ATz)

"4+n 2g2)2

x t[7 4(92+ 2 m2C + 4m)4n2-92 (V)(fFn) N
-

<+m)]

=

yay
*/(Un + ) 92t2m)(ePle) (ftm) Niceeq2/



Therefore
,
we can project the form-factors F, and F

from M- using

Fi = Tn4t( - P) (fIn)~f+

E =

ThPay
*/(Un + > <2+2) (Ple) (ftm) Nicee

Notice that these projectors are a non-perturbatie

result
,
and prove useful when evaluating higher-order

diagrams. If we were to consider a regularization

procedure , e.g, dimensional regularization , then we

would need to derive projectors within that regularization ,

e.g, defining projectors in d-spacetive dimensions

in dimensional regularization . This is especially important

for Finding F,.

Here
,
we are only interested in the magnetic moned momaly ,

ac = Exc0) . Therefore, it is useful to expand the projector
about 9=0

,
or more specifically qu =0 .



To do the expansion , it is useful to take P , &

as the independent hinematic variables instead

of p , D'

PrFPTE E P
= (4 +9) -

P = b(P-3)

such that MYpips = NYCP
, 3). The form-factor

is then

-ECQY = 4mntr((Um + ) 2 To

x(((4+2) +n)N-(((π-x) +2)
Now

,
asq
- >O

-
~

(P
, 3) = PY(P, 0) + gVEn TP,3)

+ Ocg e

W
= V "(P) + q SV

,
"(P)

Note the at 9:0, P2 42 2- q = 442
.
Howeve

,

We will consider P"FO throughout the derivation,
and take P-> 4m2 at the end

.



Using the cyclic property of the trace , we
write the Fern-factor as

- M2E(QY = 924myt5((((*-x) +2)Um(t(π+3) +2)
+ (2+2n * (5(f-2) +2)(t(f+3) +2)e e

Now,

(t(4-x +n)((π+4) +2) = 4(4 -4 +(,x))
+ +n(f-3) +1n(4+4) +
=G(P

=
3) + 1(4,4) + Ma + hi

Recall
,

P2 + 92 =42 -> P2q = 422-2q2
- ↳

and [P
, 5) = 75 -<* =↑q +14 - 4.3 = 2**

so(((P-x +N)((π+3) +n) = n
2
- q + 1 45 + n4 + h

T
= 2n2-E +4(n+E



also,

(t(P-x) +m)Vn(t(4+4) +h)
= (f-q)k(f+3) + u(P-ElVe + WV(f+3) + hi
= I(π-x)(z(P +4 - (4+4)V) ↑ m Un

+ 2((-x)Vn + 2(P+y
- (π+4)k

= (P +4)(π-4) - 1(k-q)(F+A

+ in (P+q) - M&U + & Un

Now
,

(P-q)(f+4) =4-4 +(,4)
= 42 q2 + 244 = 442 - 29 " + 2*4

3y(t(4-x +n)um(t(π+4) +2)
= H(P+qG(P-4) - n22 + 1928- - Per

+n(P +q) - MyUn +MV
= (P+q)f((f-x) + m) + /14 - #*4 - MyJUn



So
,
we find the form-factor takes the form

ECQY =

Mr 4mi
+ +- 5//(92 - !Pa - my)u + (P+q)f5(4-x) + n]
+ (Etzn(2m2 -= +* (n + 2))) CVV + 9is e

Next
, we can average over the spatial direction

of 9, since falls E2(G4 = 45 F2CQ4 -

For terms linear in gr,

Jos E = A m

where A is undetermined
,
and Pr is the cay for-retr

remaining. But ,P-g =0

=> o = (d P. = A e

the only way this warts is if A =0

So,

Sat



For term proportional to quar , we have

Ja qnE = Agen + BP

where And is are determind. Now, contract with

gau,
2

- 92 is scala

grv)des Ea.=Id e
= 4 A + BP

so
, q

2
= 4A + BP

Also
,
contract with PVPY

, recalling P .G
=0

=> o = [dd P g P . 3 = AP +BP

so
,
(A +BP (4 = 0

E B = -A
which gives q= 4A +BP = 4A - A = 3 A

-> A = 42/3

therefore
,

Jas 24 = +9"(3-P



Finally , note that terms with 99 - 9 will also

give a zeo angular average , fol949% = 0

So
, averaging over the form factor

E(24 = /d Facee
-

I- (at((tq2 - (t +M)5) Un
q2(q2 4mY

1

+P(((4-4) + n) +q(t(t-4) + 2)
t (sitznit/2m2 -= +4 (n +TWe e
t- (at((tq-( +2)4) Un
q2(q2 4mY

+P(((2) + 2) + q(t(4-xY + 2)
1 1

+ )Eit2m2n-= + (2F )]]avu
ja = 1

, Jaraq = 0
, Idea =+".-P*i

Ja 49.



E(24 = /d Facee

I- Sa t (tq'V +T((4 + n) -429r
q2(q2 4mY

+(sitzni/2m2 -5 +Na yeE

+ So t -/5) * + n19,Ur -yacPrq2(q2 4mY

+q(t 4+ 2) + )32t2n / * V 3]) e
F(Q4=

q2(q2 4mY

x to 19 Vm +q(E + 2) - + :59"(U-Pt
+(sitzmi)B(2n2-

2
+4 4) r e

-m
t- I

q2(q2 4mY tr(5-1g')
* +a) (v-P

- 14- + 92/r"-4) + ( +#+2) ! 9 (9 " -I
+(i) *) + 9/ *):

Notice that the SVY torm is proportional to 92 . Let

un manipulate two expressions * in the firs turn



Manipulating the two expressions

q(E + 2) + )3+2n")* (2m2 +4 e

= 4 P/q2 44 + 2(92+22 Y))t + 2)

-nR .3( + 2)

Thus
, every term

in the trace is proportional to g",
which cancels the Aga prefactor . Canceling this factor

allows us to take the limit 9-0 .

F2(Q4 =

in

x tr(tVm - ! :5 (U-Pt
+
+ R .3(E +2)-(E)q2 442

-

- yaytr/5-5( +2) (V-P
- IPr5(2"-4# ) + ( +#+2) ! /9 " -I
+(i) *( + (v -P** )(I



So, as 9-> O recall P2 422

F(0) = +Ht(tV - j(k -*2

EnzP(# + 2) +TnP] V-

+ E -5 (t +n) (v " -** )K + r5(q" -Pe
I

1

- IPr5 (r-4 ) + +*5 (q"-I
-↳((V -P) /3 S

= Ht5 JU + Unt TnP--
V

P+ 9-5 (e+ n) 8V +5 (4th) K + (ga"-P.e
1 I

-jRV + ↓ *g-AP Fr +t UP**3
= +, tnnt 5/m2- -Pr* -EMP] V-

+Fr(E +2) Urk + ↓"( +u)Pt
+ m (9 -P4) - A24 Vo + & A

- Or +Y ) SVv



Ecos = +,Tanto 9 /n28- - Pr* -EMP] V-

t [-m +2) VrK + M2( +e)Pre

thign - m TV +m -PTo jsving
For the second term, note

Sk , 223 =

2gnr ,
and # = P"= 4 m

So,

2Tern = m F-( + h) Unkn +( +2) rece
+( +n) &- m - /E +M)V

=

n(t +n) / - Vrkm+ Put
-
m +Gach-Ure
-KrutEVV

= ( +/kUrJetPrU-M-U
One can show

, org . Matheroica,
the the send for

Can be written as

2 f to- = n(# + h) [ - ,V -](t +h
N .B . I'm stud a adistically proving this , so

Mathentica ca do the algebra fatter than me ...



so
,
we find that theaomalous magnific mount

can be found directly by

a = E(0)

-metf(m2k-44-34) V-

+4(E+n)( ,Vi)(4+2) SV

Where we take 4"-> 42 after taking
the trace , and where

V -(P) = MY(P, 0)

sur(p) = Oc
q =0

Thus
,
we only need to find the vitex function

linear in q to Compute a


