
Symmetry

Synnetry is key to organizing many complicated

Phenomena .

In the last 100 years , nation of

"Symmetry" has been interposted matheroically .

Symmetry = Invariance under a group
of transformations

There are two basic types ,

Discrete - Physical qualities transform by
finite amounts

,
c .g., C,P, &T

T

Continuous - Physical quantities transform by

any amount , including infinitesimal ,
Focus on
this first e.g. rotational

N .B. Continuous symmetries can be discussed

in terms of infinitesimal transformations

> This is relation between

egroupsLie Algebras





























Therefore
,

EX; Y is a basis for Lie algebra

with stridue castants Cjut .

Cavation : write g(ci) : Exp(6ixi)
M

gawaited exponentia
a exponential man

Result : For matrix representations of X;

Exp(x'Xj) = exp(cix ; )

= 1 + c'x
;
+ !"d X

, Xa + O(x )

suggestive argunet :

g(ti) = g(0) + E'X; = gla + x; for large N

then
,

g(x) : (1 + xix;) - exp(xixi)
M

can multiply like this
because it is a group









Some Matrix groups

· Gard linear groups
> det 0

- GLEN, C) = group
of investible NON marices

with complex stries

Has IN real parameters ,

guratorswe z matrices which we NXN

With 1 a i as one non-too entry -

- GL(N, 1) = Gl(n, 4) restrided to F = R

~ paranates , igurators
Notice : GLLN, 4) > GL(N, #)

· Special Linear groups

- SLIN
,
K) = GL(N, 4) with det = + 1

=>2CN2-1) real parameters ,garators (traceless)

- SLIN
, 1) = SL(N, 4) restricted to F = IR

e.g. SL(2, 4) is group
of quarter Lovent transformations







- U(N
,
M) = U obeying UTMU =M

Leaves invariant z+Mz

- SULN
,
M) = U(u,M) restricted to det = + 1

In particular , SUCN,0) = SUCN)

has N2 1 real paranters

Nate

> if real > if complex (+ id)
exp(< X) US - exp(dX(

antiherrition > hermittan

choice between the two !

In Quantum thery, consumed quality leads to symmetry .

Generator ae observables associated with quality
=> Observables must be Hermitia

So
,
for real prcreto di

E X; = iQ;
> Hermitin

=> U = expliciQi)



Nat : For SUCN) groups,
de U = 1

So,
u = explx"Qj)

has a constrat.

In gunal, de (exp(A)) = exp(t(A)(
for A a NXN morix

.

S
detu = det (explicij)

= exp(tr(ciQ; )
= exp(iditrQj)

bi
,
do U =1

=> exp[ix" trQj) = 1

ar

trQ
j
= 0 fa &je suin



Proof that X; we atittunition for UIN) groups .

if glai) = 1 + <' xj , g
+ (i) =1 + cix]

and gEUCN) , the gtg = 1

-(1 +6'x, )(1 + 1"xj)
= 1 + xi(xjt + xj) + 0(y) = 1

So
,
5 Old

,
we have

x;
+
+ Xj = 0

a x;t = - xj

So
,
X ; is atihumition










































