
Symmetrics I - SUC3)

Recall : A Lie group is a
continuous

group garded

by Lie algebra with elements EX;3 such that

[X
;, Xn] = Cja Xe

The
group

elences we give by the

expaatial map

92c = 2xp(d'Xi) , El
carvation

-For Quathn systems , take (autically) x; = its .

so tha Hermition

STj ,Tub = i Cin Te for SULN)

and structure constats

g(xi) = expl- ic'Tj) .

For SUCN)
, g is NXN Complex mitary marix with de = +1

=> Number E guntors = N -1

Example suc Algebra

[S
:.]2] = Ejhebe ; jeh,l = 42, 3

fundenial ep E 6
;
= 15; - Pauli utrices

so
, glail = exp/-[ciOs)

I ...All reps: 3 I 5
-



We continue discussing aspets of SULN) groups and

suchs algebras , focusing particularly an SU(3)/such

SU(3) =
group

o 3x3 mitary marices with

det = +1
,
78 guuders .

In the fundamental up : 3x3 notices citing an

3D column vedar ->

group element is given by U(c4 = exp)-ti < a)
with ail,..., 8

The sulb) genders Et se 8
,
3x3 marices

called the "Gell-Mann" matrices
.

By cavation
, they are

+, = (568) , +c = / : :8) , to= I
xx = (: :6) ,

+
5
= ( : - , to =/(

- = (8) , to e



Note that ta is harition
,
It

und saisties
to (ta +3) = 2 Sas

tata = 41
13x3 idetity

a reneto Juc2l to(5% 02) = 25ja ad 0: 01 = 312

Nation : jik = 1
,
2
,
3

Stal
a
, b = 1

....,
8

-
jk

8 f them
~

3x3 matrix

Lie algebra SU(3)

[tta, [ts) = i fascic

Compare to suczl : [EG;, [W] = itjue Oe

Nonvanishing strudue concats (exercise

f
,2

= 1

fixs = fiss = F2xs = Eas = 6345 = Ex = E

7458 = 7678 =
Z

others are zero unless obtained by Merchage .

Fasc are atisymmetric under interchange ofay two indices (exercise



The to matrices are the I of SUCB(

It is also true that

31n , t 33 = 4 Sas1 + 2 daba

When daba de symmetric under interchange f

my two indices

Nate : this is for to
,
no Eta.

Ceretoucz) : 35% . 02 3 = 2 sju

There exists mother inquiried 3x3 repression

f 14(3) denated &* (a 3)

To get it ,
take

group
elemed UESU(3) for B

and complex conjugate it : U
*

- 2
*
Fill obsys (2

*

)(U* ) = 1
and also det U

*
= +1

Issue : Is U
*

differed from U ?



Suppose V -> V = UV 2

then
,

v *- V
- *
=

*
~
* *

If E S + SU
* S = W "Simility transformation"

then ,
(SV

*

1 = (
* 5) (SV * (

= U(SV
*

)

=> SV
*

transforms like V

But SV
*
is just linear conso of

compacts of U
*

=> Linear Combo of U* behaves like V

=> Not differed

So
,
u
*
is differed from U if canat findS

such the SU
*St = U

er
,

U
*
is Equivaled" to U if SWTS" = U for some S



Claim : U
*
is inequirie to U

Check : U = exp(-fid'ta)
=> N

*
= exp (+ ic't)

Sufficiat to show (--I cannot be transformed

to da by a mitary transformation. (exercise)

In general , the U representation of SUCN)

is inequivaled to the N
* for all NI 3

.

-

But
,
for N = 2

,
the

*
is equidat to E :

Prost

for SUC2)
,
U = exp)-ticoi

=> p
+

= exp(tic' o!*

so,
we sech S = S(-0, )St = 0;

Claim : S = Inte Works
,

St= Fitz

Check : fr or , find (10) ( 0
,
" (I eve

= 02( - 0, )5z

=
- 0
,
0
, Oz

- - -z(i53)

I + o, V

Exercise to check 52,53 -



So,
I = (i) + u(y)

transforms the same way as
*

Z
*

ic() = =(=, i)(i)
= #(a

+

+) + = u(u
< vdu!

Representations of SU(3)
So for

,
see Bulb) has raps E , I , *

What about other reps ?

Dis have "simple" dimensions like 1U(21 (E . 2 , 2, 1 , ...)
Let us use Young tableaux to find them

I 2 3

↳ - 1

Young Diagrams
Youg Tableaux



Let's look & Ex

X = t

& I

Fa we have 3 Young diagrams

2

i . 3

So
,
this is another 3-dim rep , it is the ?*

The synnetric combinatio is the

checki I 22

& 6

12 23

13 33

->-

&

X

I

=

** &

What about ? =. E siglef 14(3)

Can look of further reps,



· 3x
*
= 1 t g
- -

X I t

I 2
-·

I ge - check
-

· B x 6 = 2 + L

X F t

: G
S Lo -

check
-

-

· B x3 x = 1 + 2 + 2 + L

X X = 2 x & x
= I

I ( t & x

= ( t ( + & e
·

I ge &
-

How do we compute more complicated reps ?

x6 I X2-g .
3
*

-m

could have What about
/ \

15
&

& ? ?



Rules for shape of Young Tableaux for -U (3)

1 No row can be shater than a lowe row

2 No column can be shate than a column to its right

3 No column can have move than 3 boxes (SU(3)

Guide to multiplying two tableux

A XT
Box labels

E
(B)

Take Tableux A and add boxes one-by-one from

TableuxT , keeping carred shape and obeying 3 language rules

1 From Left to Right , indices must int increase

Z From top to bottom
,
indices mud increase

3 From Right to left in continuous path ,
## Is = # 3s] ...

at eac poid in path >
- - 3

X W
-

C
-

C
-

< C



Example

I
*

x = x '

=,
+

' -( (
= t I t I t 1 I

.

(

I I

I L
L

- · I

= t

E
15 < Mudbe 15 Sie 3x6 = 18

and 3 + 15 = 18 y

Istheeany easy a
to e

~ Yes ! See later



Example

8 x I X I &

2

g S
- -

let's look of options

1/2 - I

?? 12

S W E
~ E E

T I I ~ E & W

·

27

·

X

I
&

,

=

-

E

v

2 I 270 *

-

- I I
I 11 s To I I

~

2
10 &- - W

T

④

, I
~

L Notice ! Diffund !
2

8
W -

E

So
,

X I t t

g S 27 10 10
*

-
- - -

t t t ⑳

g g 1
- -

-



14(3) Dimensionality Formula
To find the divasion of a 121) Tableaux

,

Lo

9. = #E boxes If row exceeds 22

42 = #E boxes in 24 row

Then
,

N(a
, un) = H(a , + 1)(a) + 1)(a , + 42 + 2)

-U(3) ady ...
Example

a, = 2 , a=
= 1

=> N(2
,
K = 1(b)(2)(5)
= 15 V

Example

a = 1
, 42

= 2

=> N(1
,
2) = 1(2)(3)(5)

=15 **
How do we hor ?

Image gives Conjugate rep - Make complete boxb tall

*

↳ E
*

1

e
*



Explicit forms of some MUR) Peps
we hav ! < Italian

c=

x M

3x3
I

8 mtrices

↓ 1
.2 x - (tain !
->

3
*

the "of SU(N) [fo S4(3) , = IFar N- 1
-

there is a trick . This is the adjaint up of Su(N)

dente it by (Tc)
- boxs

8mtrices

Pain : (Tals = -Case
,
u [Xc

,
Xs] = Case Xc

Uher E Case Ceaf = O
[a
, s,
d)

Chacobi)
Check :

([Tc,Tb])of * (Talde (Ts)af-(Tolde (Talef
=+ Cade <set-Csde Caef

= - Lase Csf-Code Caef
Jacobi↑ atisge

=+ Case Cdef

=- Cabe Cedf

=+ Case (Tel of Pete



For sub)
,
structure consens are ifasc

=> (Tabsc = -ifaba for &f suc

Moreto suc

:stonecaddshe
is

aic
contending a cubitrary te is non-trivin

,
so

there are methods for doing so .


