
Spontaneous Symmetry Breaking

The procedure in constructing ganga Merrias has been

successful for both electromagnetic andfring forces
.

In attempting this conduction for the weak intunction,

we arriveot a problem in that the suspected

ganger bosons, the WE and Zo
,

are massive.

We know from QED & QCD this muss terns

are not allowed as the break gange invince ,

25%
Ar -> ma (An - (20)(1 - (2)

U(1]

F myAA

There is a mechanism
,

however
,
to induce mass ters

as a consequence ofetractions · The underlying feature
is that the vacuum is notcucint under the squriy .

Simple example - Compress a cludrical stick
->

J
EF

+
z =>

E
~ z

even though
ground &02
has free choice > "preferred
of direction

,
must direction"

L pick are L In place of ratation
=> Breaks syntry



This is called "spontaneous syurtry breaking -

"Linden symmetry" . Let's Start with e since

field theory with discde symetry breaking .

Discrete Symmetry Breaking

Real classical scala field

2 = 1000 = try - E, -
x 20

> two possible signs

-

Upper sign u = mass

- lower signE apparent instability
then

,

H = +(u.4)- z(86) + u(e
"Tachymic" /S Im

with potential U(p)= Emp + !,
= 1, ( = (2)-

7,

-> GE Gr
2

This theory has a discate symmetry =

4 - -y



Loves
energy

state
,
"Vacuun"

,
has c = const

.

denoted <47 =C01010L

> vacuum expectation value

<> is determined by minimum of UCC)-

- For upper sign , Uses = Certa -E
viel
-

-
& o ULD) and H .

In this case
, symnety is evident in ground state

=> Quatization
gives usual SHO staes

,

Find particle of mass ~.

- For lower sign , U(e) = E, 42-27
+ Const .

-

UCYI irrelevant for
M

-a Fo
physics

I I > I

-



Now find b extreme : (4) = 0
,
= a

There an 2 minima
. Due to syurtry ,

choice f

147 = + 6 n <> = -a is irrelevant.

But must pick one !

=> Sportweously break discrete syurtry
Uce'n

+ C
-a ~I I > I

·

a choose this

To have OFT ,
and petubation themy ,

must choose

Stable windum .
Pick <4= +a

Then
, can write x(x) = a +g(x)

=> U(y) - Ucp) = #, (249 +p7)2 + cat
.

=192p2 + +ap + +, 06 T
-

2
= up + zap+



So
,

in turns of perturbative field pexs ,

see have particles with mass fir

Wip = 1(2u4p + tap+T
M

muss term
Cubic interaction

BO
,
also have a cubic interaction

=> Difficult to see discude symntry !

y+ -4 = 4 + = - 4 -

9

= 4 = a
, p = -

p

The 2 forms of te me equivaled, but a simple

Field transformation seems to be changing physics !

Total physics is the same
,
50 cannot solve full theory.

1 form of L

E Noncoougat potubation they
=> correct picture of physics
=> shifted field around true Vacuum (a)

gives perturbation theory



Continuous Syntry Breaking

Consider Complex scalar field,

2 = 0
,y

+

22p +
n y

+

y - , *
[

Noe ! Wrong sign

Recall : 4 = (4,+ill
* =(? +Y

y
*

= (e
, -i ca S

so,

2 = 124,
04,

+104
+ In (0, + (2) - E! + 4!

therefore
,

Use
,4n

=
-In e, + 3= ) + E! +ei

= E,p, + 42 - 32( + E,
a = 6



This theory has a global U11) invariance

e + y = ey ,
1E cast.

·

(e) (b) =( ) (e
The potential surface looks like

~ Use
,
42

· ~ ring of minima

-
2,

M

Any vetical section
>



As before
,
choice of vacuum is irrelevat

to physics ,

bt must be made
.

Ring & minima at 4
,

3
+ 4? =a

2

=> Choose <417 = a
, <47 = 0 for definiteness

Spontaneously broken U(1) symetry

Shift fields to minimum

C
,

(x) = a + p , (x)

42(x) = Pz(X)

=> Ulp , che) = 1 , (200,
+p, +92)2

=tap, , ( ! ?

-muss turn , Em ,
for ,

Notice how hidden symmtty is in this case.

Notice also no mass term for
2
!



Intuitively : "flat" direction in patatial
=> zero mass made

mass mass im mass o

the appearance of a massless mode is a

characteristic o broken continuous symmetry-
To see in a different way ,

define

iO(X)

x(x) = Er(x 2

or
, ( ,

(x) = V(x) CosO(x)

42(x) = r(x) SiOcx)

in terms of 2 other real fields Next
,
O(xI

=> 2 = an +100 - Un

U(1) invariance > WCR0) = Ucas only
with U(r = El ,

(r--ar)" + cat
.



Take vacuum ot ( = a
,
<01 = 0

Define shifted fields

n = a + p

O =0

=> 2 = 10parp + 1(a +p) 2000 - U(a +p)

Can see that Ocxs particles are massless because

Uca +1) independent of O .

These massless modes we called "Goldstone bosons"

or "Nambu-Goldstare bosons"
.

Consider mother example with more than are NG boso .

N real scalar fields C
,

(x) , j = 1
, . . ,

2 = 10 4; 04; + Em; i
-

!
(ii

> Notice !

=> Util = -Im ;; + i

= X (6;4;
-24 + irrelevat cans

.

!
> a = 62#



This theory is invariant under global O(N) rotations

j -> 4j = Ujn Yu
> UjnEO(N ,

Ot = #

Oca has EN(N-11 generators
=> correspondinga "real const parameters

Minima of Ulli) lie on surface 4:4
= a 2.

This is a gardation of ring of minima in UCL) example

where N = 2 & Minima formed St
.

Here
,
have O(N) and minima foun 50-7

Pick a vacuum : <4) = 4

<(j) = 0 for j=1 , . . ., N-

New feature in this example , vacuum is invariant

under a natrivial continuous symmetry group OCN-2)

Shift as before

Cu = 4 + p(x)

4j = 9; (x) for j = 1, ...,
N - 1



So we find

Vipil =

,
(an Pie:

= Pupils
-

-2

We see that fr has acquired massEm ,
but

the other N-1 particles are NG modes-

Notice that

Number of guerators of O(N) = [N(N-11
Number F gatus o O(N+) = 1 (0-1) (N

-2)

=> Difference = N - 1 <

Not a coincidence
-

Number of NG bosons = N - 1 <

Can understand this as follows :

1 . Have they with potential U Mumiat under

some continuous group
G with N generators



2 . Vacuum solution is invariat under HCG

with M generators.
=> N-M generators transfern the vacuum naturally

3. Passing through [43 is an (N-M3-dimensional

surface of content U .

4 .

= must be N-M massless modes

= NG modes
, me for each dimension .

Thegeral result is called Goldsme's there

Goldstone's Themen

Given a local
, positive definite, & Lorenz invariant

field theory with a local conserved current yu

with an associated charge Q Not annihilating
the vacuum ,

the the theory contains massless modes (NG)



This naively looks useless as there are no

mussless bosons observed in nature. But
,
there

are two interesting cases not covered by usual

axioms .

- Chinal synaty of QCD is spartareonds
broken

,

SU (3)
,

x SU(3)e -> SU(3)y

So
, expect 32-1 = 8 Goldstares bosons

Bot
, this symetry is approximate ,

so explicit

breaking gives masses to the NG rodes. These

hidrows
,
the pseudoscale octet

,
we unctually

light compared with other hadrons > They play

a special role is chiral symntty breaking .

- Ganga theories are acceptable field themies that

dat obey usual axians -> cannot make gangt

choice with both positive definiteness & Lurate

invariance .
Also

,
there says rating of observability

of the NG modes
.



Higgs Mechanism

Next we consider SSB F a local symnaty -

Consider Scalar Electrodynamics with "wrong sign" mass term
,

which is known as the Abelian Higgs Model.

2 = (Payl
*

(D-6) + 12* -, *-
M

Notice

where DY = 04 + igArt

Fr = 2Ar-DrAr

This theory is locally invariant under UC) gange transformations

y + eid()y
Day + eixy

An + An - End

Repeat earlier discussion in "polar" fields
jOXI

P(x) = Er(x)

=> Dr = (er + inf
-
0 + igr t)co

(D) = Gra + (5 + (A)



So,

2 = 1 bedr + (20 + (A)- - Fun

with a= + const
.

The minimum of pattia give vacua at

(A) = 0
,
(0) = 0

,
(r) = a

Define shifted fields

An(x) = An(x)

O(x) = O(x)

r(x) = a +p(x)

=> z = opp - lat (20 + GA) -Eff
-Xa2 2

-ap-Es + can
- s
6

mass ter !

Note to larg (20 +gardA
+ a980Ar



So
, appant mass terms are as follows

mp = Eu , ma = aq , my = 0

But
,
there is a hand-to-idepet mixing term

aqGDA ???

To gain intuition about this term
, take advantage

of freedom to make gange transformations
.

Recall thatgarge transformations don't change physics !

So
,

2 > (20 +gar)"- enfr

> (200 +qA(2 - En fun
gange
transforme
by 2

where explitig , An An = An-2nd
l +g

0 + 0 = 0 + x

Now
,

can pick my dax) .

Las pick <( =O(x1

So
,
Qu = 0

qA = qA - C
,
O



Therefore
,

2 (9) - fe furn

=> 2 = 10pbp + 1(a +A n

- En fur - Cla +pl

In this
gange ,

which is physically the same as others,

he see that

(1) O has "disappeared" > No NG boson !

(2) gange field is massive !

Ma = qa

The
gange

transformation has removed confusing

mixing terms .
Sometimes people say "massless veter has

eaten the NG boso
, thereby gains mass . Really we

picked "crappy" coordinates
,
and true physics is in

"good" coordinates -

"Before" 1 scales r
,
& "After 7 scalar s

=>

2 polarizations of An 3 polarizations of An

4 dof => ↑ dat



This special choice of
gange

is called mitmy gange -

The mechanism is called the Higgs Mechanism.

Nobel is Engleit ,
Brot

t
3Higgs all in 1964

Gwalnicht
, Hagen ,

Kibble

of course
,
first formulated by Anderson in 1962.

The leftover boso p (massivel is called Higgs Boso

Sometimes
,
all bosas involved

, <p,01 = 4

are called Higgs bosons

The sure mechanism works in Nonciation Case

23 (D-x(
*
(D c)

(Dr() ; = 24; + igA (TaljnCu

So
,

2 (igA! (Toljn()(egAr" (taljetel

if y -> <4)

this becomes 22 <
*

<4) AnA

- ↳2



Can pick the mitay gage to will mixing ters.

Nie that reaching unbroken generators lif any
ca have a unbroken gange group

with corresponding
massless jange

fields.

The qualization of the Abdim Higgs model follows

as before
,
except we need to defe the quartizatio

with respect to the true vacuum
,
after SSB

.

The gange-field piece is

is if ax1a[(2+my + e2] An

= Ifrx (-! A (D
+) Ar

There are no inversion problems as for massless water bosas
,

so

Dur= (gu-E C
M

with m
= qG

propagator in mitory gange



the mitry gaye is commint for tree level

calculations . For loap corrections
,
the yuqu turn

complicates things (UUSchavia) :
The care idea

was to recove the mixing ter 20A by

fixing the gange such that the fieldO is

part of the gange
transformation

.

O O

e = tre -> 1(a + r) C

S SSBS E

X

mitmgage = 4 - & - ,
where 6 = -0

Can also choose to fix
gunge by using Rs procedure .

Recall that after SSB

2 = topap -+(a +p (2,0 + 9 A)-Ef
-

-Xa2 2

-ap-Es + can
- s
6

Need torrove mixing
~

Mixing two 20-qa2 An (20 + 4A1)

A sitale gagedoice is G(A) = 0An + qu0 = 0



Imperat with gange-fixing ten >
gives mass forO

2 f .

= - A + ga0 - zz(qa) 02

C mixing turn

= - qa(b,Ar) O

= + 99Ar 20

So
, adding this to Lagrange density
removes mixing term . Nate from Fade-Popov

need to add ghost turn too .

So
, so

Higgs boso p with sure mass Em ,
and O

,

the would-be NG mode
,

now has a gunge-dependent
muss , up = 2(qu)2 . The gange propagate
Is 102

C CPu= In-(1-2)2ne
> Ra-gange propagate

The mitary gange is recovered on 2- 0
.



lustingly ,
the glost fidds do not

couple to An field directin ,
bt to p-field .

Indud
,
G(A) = An + qa30 = 0

& under infetesind gange transfendin

9+ (1 +26)y

=> An = - jad
iO

bi also
,

since 4 = cample &(a +s + ia0)

=>Sp = -a20

and 50 = (a +p)d

So,

SE - -32 - 3m? (1 + P(a)

Sh

So
, glost term

( ) = SDCD ef
:fe-2-2

so
, Feyra Rules are

S
2

-

a
-- iqa

L

C C



See that glas has gange-dependent mass,

and interaction with Higgs .

In mitmit gange,

2 -> O
,

then the ghost is 10-heavy ,
and

decouples from theory, Likewise
,
the NG boson

decouples , leaving what we have before


