PHYS 772 - Standard Model Problem Set 4 Spring 2024

1. Show that the Lie algebra structure constants c;j;, defined by the Lie bracket [X7, X*] = c;p X!,
satisfy the relation c;imCmin + CkimCmjn + CljmCmin = 0.

2. Consider a general Lie algebra [Xj,Xk] = cjlel, where cji; = —cpj . From the structure constants,
we may form matrices M7 with matrix elements (Mj )it = ¢jri- Note the order of the indices. Show
that these matrices furnish a representation of the algebra, i.e., show that [M7, M*] = cimM !, This
representation is called the adjoint representation. Hint: The Jacobi identity may be helpful.

3. Suppose X7 is a generator for the Lie algebra [X7, X*] = ¢;;; X'. Show that X% = >; X7 X7 commutes
with the group generators, and therefore we may write (X?2)a, = Ca(r) dap where Co(r) is a constant
called the quadratic Casimir of the representation r.

4. Let X7 be a generator for a generic su(NN) Lie algebra, [ X7, X*] = ¢;;; X!, and U(a/) is an element
of the corresponding Lie group SU(N), with U(a’/) = exp(a?X;) with o/ € R. Show that X7 are
traceless, antihermitian N x N matrices.

5. Consider the set of all complex 2 x 2 matrices M with det(M) = i. Does this set form a group under
the usual matrix multiplication? Explain your reasoning.

6. Consider X; = —1io; as a bases element of the su(2) algebra, [X;, X;] = €1 X;, where o; are the

Pauli matrices,
(0 1 (0 —i (1 0
1=\ o) 27 o) 7 o0 -1/

(a) [0j,0k] = 0jo) — 0)0; = 2i€jp07 .

Verify the following:

(b) {oj,01} = 0joK + 0ro; = 2011>.
(c) ojok = 0,k + i€;K107.
(d) Show that a group element U(a’) € SU(2) can be written as

. 1. . 1 Jo; 1
U(a?) =exp (—iioﬂaj) =I5 cos <§a> — iaaaj sin (504) ,

where o® = 37 (a;)?.

7. Consider X; = L; as a bases element of the so0(3) algebra, [X;, Xi] = €1 X, where L; are the matrices,

00 0 0 01 0 -1 0
Liy=(0 0 -1], Ly=(0 0 0], Ly=|1 0 O
01 0 -1 0 0 0 0 O

Verify the following:

(a) [Lyj, L] = ejmLa -

(b) {Lj, Ly} # Néjj, for any j, k, and N.

(c) Show that a group element O(a’) € SO(3) can be written as

JT, . JT .
o’ Lj o’ L

2
O(a’) = exp (aij) =13+ sina + < ) (1 —cosa),

where o = 37 (a;)*.
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