PHYS 772 - Standard Model Problem Set 6 Spring 2024

1. Consider the Lagrange density for scalar electrodynamics,
1 17
L= (Dyg)' (DMp) = m*glo = L Fu F™ = V(')

where m is the mass of the scalar field, D, = 0, + igA, where ¢ is the charge of the scalar field,
F., = 0,A, — 0,4, and V(¢*) is a U(1) invariant self-interaction term, e.g., V(pT¢) = A(pTep)2
This theory is invariant under local U(1) gauge transformations. Split the Lagrange density as follows:
L = Lka + Lem + Ling., where Lk is the usual free complex Klein-Gordon field theory,
Lxa = 0up’ 9 —m*ple,
and Ly is the Lagrange density for the free electromagnetic field,
1
Lem = *ZFWF’“’-
Determine the interacting Lagrange density Liy. for scalar electrodynamics.
2. Consider the pair production of pions in electron-positron annihilation, e"et — 7~ 7. Assume the
reaction occurs at a center-of-momentum (CM) energy /s > m,, but is comparable to the mass

of the produced pions, v/s ~ m,. For simplicity, describe the charged pions by quantum scalar
electrodynamics (for the Feynman rules, see the notes on Feynman Rules - SQED).

(a) Show that the unpolarized differential cross-section to leading order in « is given by
do 1232

dQ 8

where 6 is the CM frame scattering angle and 3, is the speed of the pion (recall that |pr| = E;fr)-

(1 —cos? ) + O(a?),

(b) Compute the total cross-section, and compute ratio, o(e"et — 7~ 7)) /o(e”e™ — p~u™) where
oleet — u~pt) = 4wa?/3s. Compute the theoretical value at /s = 0.40 GeV and .77 GeV, and
compare to the experimental R ratio, R(y/s = 0.40GeV) = 0.18 £ 0.02 and R(y/s = 0.77GeV) =
9.99 + 0.09. Comment on the comparison. Hint: Examining the plots of the R ratio may be
helpful, see Fig. 53.2 of https://pdg.lbl.gov/2022/reviews/rpp2022-rev-cross-section-plots.pdf.

3. Consider lepton pair production in electron-positron annihilation within QED, e~e™ — £=¢T, where
¢ = p or 7. Assume the reaction occurs at a center-of-momentum (CM) energy /s > m,, but is
comparable to the mass of the produced leptons, /s ~ my.

(a) Show that the unpolarized differential cross-section do/d2, to order o?, is given by

do _ o? 2 2\ a2 3
30 = Eﬁg [1+cos® 0+ (1 — B7)sin® 0] + O(a?),

where By is the speed of the produced lepton in the CM frame, and 6 is the scattering angle.
(b) Show that the total e~et — £~ ¢T cross-section at leading order is

dra? 4m? 2m?2
Y § L <1+ m€>+(9(a?’).
3s S s

(c) Take the ultrarelativistic limit of the results of (a) and (b), that is m2/s — 0, to recover the
following high-energy results,

2 4 2
dU:a (1+cos’f) +O0(a®), and o= ra

do _a” 3
9" 1s + O0(a?).
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(d) Plot the O(a?) theoretical s - do/dQ vs. cosf € [—1,1] at a CM energy /s = 35GeV for both
e"et — p~pt and e"et — 7771 (make a separate plot for each reaction). Plot the y-axis in
nb - GeV?, restricted to (s-do/dQ)/ (nb- GeV?) € [0.0,12.0]. Plot the experimental data for each
reaction, measured from the JADE experiment at PETRA, over the theoretical curves. Compare
and comment on the quality of the theoretical description of the experimental data. Note: The
data file presents the cross-section as s - do/dQ). The data files were obtained from the article by
the JADE collaboration, https://link.springer.com/article/10.1007/BF01560255.

(e) Make a plot of the ratio of the experimentally measured differential cross-section to the leading
order QED prediction for each reaction as a function of cosf € [—1,.1] for the CM energy /s =
35GeV. Restrict the y axis between 0.5 and 1.5. Compare and comment on the quality of the
theoretical description of the experimental data.

4. In supersymmetry (SUSY), each fermion has a scalar partner, and each gauge boson has a fermionic
partner. For example, the supersymmetric partner of the muon is the spin-0 smuon (jz), and the partner
of the photon is the spin-1/2 photino (7). These particles have yet to be discovered in nature, yet we
can place bounds on some of their properties by performing precision experiments such as measuring
the anomalous magnetic moment of the muon, a, = (g9, — 2)/2. In this problem, we will estimate
bounds on the masses of these hypothetical particles.

Let us consider a simple supersymmetric extension of the Standard Model which includes the smuon
and the photino. The Lagrange density for this model is given by

7
Lsusy = Lsm + §>‘<¢x +h.c. —msxx

+ (D) (D" ) — m%gﬂ@ — qox + hee.,

where D, = 9, +iqA,, A, is the photon field, 9 is the muon field, ¢ is the smuon field with mass term
my, and x is the photino field with mass term m5. The coupling g is the electric charge of the fields,

e.g., ¢ = —e for the muon where e is the fundamental charge which is related to the fine-structure
constant via a = e?/4w ~ 1/137. The smuon has the same electric charge as its Standard Model
counterpart.

(a) Determine the Feynman rules for the SUSY model. That is, draw a diagram an associated factor
for the smuon propagator, the photino propagator, and any interaction vertices with these two
particles. Hint: You do not need to derive these using generating functionals, use your knowledge
of other well-known field theories to determine the various quantities.

(b) Draw the leading order contribution of this SUSY model to the puy vertex function, —igl'*,
and write down the mathematical expression using the Feynman rules derived in part (a). Do
Not evaluate any integrals. Label all momenta and Lorentz indices. For the momenta, let p be
the initial muon momentum, p’ the final muon momentum, and g be the momentum transfer by
the EM field, ¢ = p’ — p. The muon is on-mass shell, p?> = p'2. Hint: There is only a single
contributing diagram.

(c) Let’s assume that mj ~ msy ~ Agusy, where Agugy is a typical scale of SUSY interactions. One
can show, assuming that m, < Asusy, that the SUSY contribution to the muon anomaly a, is
given by

§aSUSY — o & M
b
" 4w Asusy

where C is a constant of O(1). Constrain the SUSY scale Agysy using the experimental and
theoretical values of a,,. Currently, the best experimental estimate for a, was recently measured
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to be agfx') = 116 592059(22) x 10~ by The Muon g — 2 Collaboration (see D. P. Aguillard et
al., Phys. Rev. Lett. 131, 161802). Within the Standard Model, the best theoretical estimate

for the anomaly is agfh') = 116591 810(43) x 10~ from The Muon g — 2 Theory Initiative (see
Physics Reports 887 (2020) 1-166). Comment on why is the assumption m, < Asusy justifiable,
and whether or not SUSY particles (within this model) can be detectable at the Large Hadron
Collider.

(d) Challenge (Optional): Determine the constant C in 6a§USY by evaluating the Feynman ampli-
tude. To do this, perform the following steps

« Let P be the total momentum, P = p+p/, such that P-q = 0. In the ¢ — 0 limit P? = 4mi.
Substitute p = (P — ¢)/2 and p’ = (P + ¢)/2 in the Feynman integral. The vertex can then
be written as a function T'*(p’, p) = T*(P, q).

« Use the projection formula

1 3 v, m P P v
6CLH = —12m2 tr [(mzf}/l/ - PI/P - §m/J/PI/> V + TH (E + mH) [711’7/1] (5 +mﬂ) 5VP> :| ’

where V¥ = V¥(P) =T"(P,0) and

_orv
0q,

SVPY = §VPY(P)

q=0

Show that 6V *¥ = 0 for this amplitude, and evaluate the remaining trace.

. Use the Feynman parameterization to combine the denominators of the Feynman integral.
The relevant formula is

1 _2/ld o
223 “), “w(A-B)+ B}

« Perform the convergent Feynman integrals using the following formulae

(k2 +2P -k — M2]? 2 P2+ M2

/d4k k* __ﬁi
[k2+2P-k— M23 2 P24 M2’

/d4k k? — (k-p)?/m?  6ir®m?a?
k2 +2P k— M2® P2+ M2’

where P = ap with a being some factor independent of k.
. Simplify the expression by setting m5 = mj = Asusy, and assuming m, < Agusy. The
remaining Feynman parameter integral over z can then be analytically evaluated.

William & Mary Page 3 of 3 Department of Physics


https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.131.161802
https://www.sciencedirect.com/science/article/pii/S0370157320302556?via%3Dihub

