PHYS 772 - Standard Model Problem Set 4 Spring 2024

1. Show that the Lie algebra structure constants c;i, defined by the Lie bracket [Xj7Xk] = cjlel,
satisfy the relation ¢;gmCmin + CkimCmjn + CljmCmkn = 0.

Solution: Here we use the Jacobi identity for the elements of the Lie algebra,

>, XM, x' =0,
(4,k,1)

where (j, k,1) indicates the cyclic sum. Performing the sum, and using [X7, X*] = ¢; X!, we
find

Z (X7, X%, X1 = [[X7, X7, X' + [[X%, X', X9] + [ X', X7), X*],
(4:k,0)
= Citm[X™, XY + chim[X™, XI] + cjm[X™, X,

n n n
:CjkmcmlnX +Cklmcman +Cljmcman )

n
= (Cjkmcmln + CklmCmjn + cljmcmkn) X ;

=0.
Since this must be zero for any X", we must have c;kmCmin + ChimCmjn + CljmCmkn = 0, as
desired.
2. Consider a general Lie algebra [Xj7Xk] = cjlel, where cji; = —cpj . From the structure constants,

we may form matrices M7 with matrix elements (M7);;, = cjki- Note the order of the indices. Show
that these matrices furnish a representation of the algebra, i.e., show that [M7, M*] = cimM !, This
representation is called the adjoint representation. Hint: The Jacobi identity may be helpful.

Solution: Looking at the matrix elements of the commutator of (Mj)lk = Cjkl,
([Mja Mk])ln = (Mj)lm(Mk)mn - (Mk)lm(Mj)mn )
= CjmiCknm — CkmiCjnm »
= ClimCmkn t CkimCmjn »

where we used the antisymmetry of the structure constants. From the Jacobi identity of the
structure constants, CjrmCmin + CkimCmjn + ClijmCmkn = 0, We have cjjmCmin + ChimCmjn =
—CjkmCmin- So, the commutator is

([M7, M*)) 1 = CljmCmpn + ChimCmjn »
= —CjkmCmin »
= CjkmCmnl »
= Cijkem(M™ )1, .

Therefore [M7, M*] = cji M!, and we conclude that (M7);; = cji is a valid representation of
the Lie algebra.
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Suppose X7 is a generator for the Lie algebra [X7, X*] = ¢, X'. Show that X2 = > X7 X7 commutes

with the group generators, and therefore we may write (X2),, = C2(r) dap where Ca(r) is a constant
called the quadratic Casimir of the representation r.

Solution: We want to show that [X?2, X*] = 0 where X2 = > XIX7 and [X7, X*] = ¢ X"
So, taking the commutator

(X2, X% = (X X7, X,

J

=3 XX, XM ) (X7, XK X
J J

where we used [AB,C| = A[B,C] + [4,C]B. Now, we use [X7, X*] = ¢;j X!, noting [ is being
summed over implicitly. So, we find
(X2, X7 =3 XX, XK+ > x, XK X
J J

=Y XX + D (X)X,
jfl jfl

= ZCjlele + ZCjlelXj R

Jl Jil
i vl i vl
= E CjlejX + E Clkj)(j)(7
Ve Jil
= E Cjle]le E Cjlele:O,
gl Jil

where in the fourth line we interchanged the summed indices, and in going to the last line we

noted that ¢; = —cjp. Therefore, X? commutes with all the generators X7. Therefore, we can
write (X?)up = C2(r)8ap, where Ca(r) is some constant which depends on the representation r,
and a, b span the dimension of the representation, a,b=1,...,r.

4. Let X7 be a generator for a generic su(NN) Lie algebra, [ X7, X*] = ¢;;, X!, and U(a/) is an element
of the corresponding Lie group SU(N), with U(a?) = exp(a?X;) with o/ € R. Show that X7 are
traceless, antihermitian N x N matrices.

Solution: Since U(a’) € SU(N), then we require
U(a)'U(e?) = U(e?)U(?)" = Iy
where Iy is the N x N identity. Furthermore, det(U(a?)) = 1. From the properties of matrix
exponentials, exp(a’ X;)T = exp(anjT). Let us Taylor expand the product U(a?) U(a’) about
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al =0,
In = U(a?)TU(a?) = (IN +al X!+ (’)(a2)) (In + &7 X; + 0(a?))
= Iy +aX; + I X] + O(a?),
= Iy + o (X; + X))+ O(a?),

Since this must hold order-by-order in «, we have X; + XJT =0,o0r X; = —X;-r7 proving that
the generators are antihermitian. Next, recall for matrix exponentials det(exp?) = exp(tr(A))
where A is an N x N matrix. Since det(U(a’)) = 1, we have the following

1 =det(U(a?)) = det (exp(a? X)) ,
= exp (tr(anj)) ,
= exp (aj tr(Xj)) .

Since this must hold for any o/, we conclude that tr(X;) = 0.

5. Consider the set of all complex 2 x 2 matrices M with det(M) = i. Does this set form a group under
the usual matrix multiplication? Explain your reasoning.

Solution: Let G be the set of all 2 x 2 matrices with det(M) = 4. Let us assume that M € G,
some group where det(M) = i. If M; and M, are elements of the group, then the product
M - M5 should close under the group multiplication, that is M3 = M; - My € G. Since M3
is in G, then det(Ms3) = i. But, consider det(Ms) = det(M; - Mz) = det(My) det(Ms), from
the properties of determinants. So, det(Ms) = det(M;) det(Mz) = (i)(¢) = —1 # 4, which
contradicts our assumption. Therefore, the product of two group elements does not close under
group multiplication, and thus G does not form a group.

Alternatively, assume the existence of an inverse matrix M~! € G. The determinant of an
inverse matrix is det(M ') = 1/det(M) = 1/i = —i # i. Therefore, we conclude that such an
inverse matrix does not exist, and therefore G is not a group.

6. Consider X; = —%z’oj as a bases element of the su(2) algebra, [X;, Xi] = € X;, where o; are the
Pauli matrices,
(0 1 (0 —1 (1 0
1=\t o) 27\ o) BTN 1)

(a) [0j,0k] = 0jo) — oRo; = 2i€jp0 .

Verify the following:
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Solution: We compute the following products,
{0 1\ (0 —i

a172=\1 o) \i o

(0 =i\ [0 1\ _

721=\; o)\1 o)~

o)

09203 = ( 0

~

s}
[a—
jen)

o
\
. —_
~

~

as well as the squares of the Pauli matrices

(o) o

[0j,0k] = 2i€jp07.

(1 0N [0 =i\ _ [0 —i\_ .
7392=\g —1)\i o) " \= o)~ "9
(1 0N[(0 1\ [0 1) .
7391 =1p —1)\1 o) = \=1 o) T "2
(0 1\ /1 0\ _ [0 -1\ _ .
7193 =11 o)J\o 1)~ \1 o )T 92

=0 ) (0 9)=(1)-

1 0 1 0 10

2 _ _ _

7= (0 —1) (0 —1) - <0 1) =12

Therefore, we have O'J2~ = I, and 0,01, = —oy0; for j # k. So, the commutator [o;,0,] =0,
while [01,090] = +2i03, [02,03] = +2i01, and [o3,01] = +2ioe. The commutators are

completely antisymmetric, thus we can write it in terms of the Levi-Civita €;;; tensor,

{CTj,(Tk} =00+ 00; = 25jk12~

{Ukyo'k} =00 +0R0j; = 5jk(20'j0'j) = 25jk12~

Solution: From the results of part (a), we find that o0 +o,o; = 0 for j # k. Therefore,

00k = 5jk12 + iEjklO'l.

Solution: Let us add the two results [0}, 0] = 2i€ 07 and {0}, 0%} = 20,112,
0,0k +{0j,0k} = 200k, = 2i€jpo; + 20,112 .

Therefore, we immediately find that oo, = §;p12 + i€ pi07.
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(d) Show that a group element U(a?) € SU(2) can be written as

_ 1. 1 o 1
U(a?) = exp <2ioﬂcrj) = I cos <2a> - Z,ozacr] sin (2a) ,

where a? = Zj(aj)Q.

Solution: Let us Taylor expand about o/ = 0,

1. — 1/ 1 . \"
exp <2ioﬂcrj) = Z ] <2ioﬂaj) ,

n=0

o 1 1 ) 2n [e'e] 1 1 ) 2n+1
— - P . - _and .
S (Caiwe) +X Gy (C3ie)

where we split the sum into even and odd terms. Now, (—iajaj/Z)Q"_: (-1 (ado;/2
while (—iado;/2)*" Tt = —i(—1)"(a?0,/2)*" 1. Now, we evaluate (a’o;)?,

(do;)* = (a;) (o),
=alaF (ojon),
= ajak (5jk-[2 + iejklo'l) R

=dlad I, =a’1,.
nential expansion is
exp <;iajaj> = i ((;11;7 <;ajaj)2n —1 i (2(;_1'_)1)' (;ajaj)%“ ,
n=0 n=0
-y G () - () e ()

Joys
=I5 cos (%) — iaaaj sin (%) .

7. Consider X; = L; as a bases element of the so(3) algebra, [X;, Xj] = €, X, where L; are the matrices,

00 0 0 0 1 0 -1 0
Li=(0 0 1|, ILy=(0 0 o], ILy=[1 0 o
01 0 -1 0 0 0 0 0

Verify the following;:
(a) [Lj, L] = €jmLy .
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Solution: Notice that (L7);; = €;x. So, the commutator is
([Lj’ Lk])ln = (Lj)lm(Lk)mn - (Lk)lm(Lj)mnv
= €iml€knm — €kmi€jnm -

Recall the Jacobi identity for the structure constants, here the Levi-Civita, €jime€min +
€klmEmjn T €jmEmkn = 0. We can use the antisymmetry of €;; to write

—€jkmEmin = €klmEmyn + €ljmEmkn »
= €imi€knm — €kmi€jinm ,
- (Lj>lm(Lk)mn - (Lk>lm(Lj)mn 5

where we identified the difference in Levi-Civita’s as the commutator of [L7, L*]. So, we
find

(Lj)lm(Lk)mn - (Lk)lm(LJ)mn = —€jkm€min ,
= €jkm€mnl »
= 6jk:’m(Lm)ln .

We conclude that [L7, L¥] = €;, L.

(b) {Lj,Ly} # Ndji for any j, k, and N.

Solution: The anticommutator {L;, Ly} = LjLy + Ly L;. Since (L7);; = €z, we have
(Lj)lm(Lk)mn + (Lk)lm(L])mn = €jmi€knm + €kmi€inm »
= —€jlm€knm — €klm€jinm »

where in the last line we used the antisymmetry properties of the permutation tensor.
Now, we use the property €;im€xnm = 0jk0in — 0jn0ki. So, we have

(LJ)lm(Lk)mn + (Lk)lm(LJ)mn = —€jim€knm — €klm€jinm ,
= — (6101 — 0jndk1) — (Ok;j01n — Okndyj),
= —20k01n + Ojn0ki + Opndyj .

Thus, we see that {L;, Ly} # N, for any j, k, and N.

(c) Show that a group element O(a’) € SO(3) can be written as

JT,. JT,.
o’ Lj o’ L

O(e?) =exp (/L) = Iy +

2
sina—|—< ) (1 —cosa),

(%

where o = 37 (a;)*.
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Solution: Taylor expanding about o/ = 0, we find

exp oﬂL :Z
i a_]L + Z aij)2n+1 ’

where we split the sum into even and odd terms. Let us evaluate (o’ L;)?,
(07 L;)*)tn = [0 Lj) (" L)1

- ajak (Lj)lm(Lk)mn 5

=alak €iml€knm »

= —ajak €jlmE€knm

= —ozjozk (5jk5ln — 5jn5kl) 5
—(0425ln — CYnOél) ;

where in the fourth line we used €j,,; = —€jim, and in the fifth line we used the property
€j1m€knm = 0;k01m — d;ndki. Next, we evaluate (o’ L;)3,

[(@7L;)*)ip = [(a? L) (a* Li) (" Ly )iy
= a7 a®a" (L;)im (L) mn (Lr)np »
= — (28 — a"a)a" (L) np
= —a?a" (L) + ™l a” (L) p »
= —a?a" (L),

= —a*(a’Lj)ip,

where we used that a"a"(L;)np = a™a"€p, = 0 since we have a symmetric sum over
a completely antisymmetric object. So, we find that (a/L;)? = —a?(a?L;). Finally, we
evaluate (a/L;)*

(@ L)* = (/L) (o’ Ly),
= —a*(a"Ly) (0l L) = —a?(a/L;)?.

Therefore, the sum over even terms can be expressed in terms of (a/L;)?, while the odd
terms can be written in terms of (o’ L;). Specifically,

; 2
. JL:
(L) = (—1)"Tta2" (O‘J) , n>0
«

(aij)Zn-H _ (_1)na2n+1 (aij) . n>0.

« =
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Substituting these expressions into the series expansion,
. =1 N 1 o\ 2n41
ir.) = (AL = (L.
exp(a’/Lj) = Iz + Z 2n)! (@7L;)™ + Z (2n+1)! (o’ Ly) )
n=1 n=0
; 2 oo j 0
oL, (=™ oL (=™
= Is— J 2n J 271—‘,—17
8 ( ! ) 7;1 (2n)! ot ( @ nZ:O (2n + 1)!a
; 2 o] 1 00
oI L, (=)™ oI L, (=)™
— I J 1— 2n J 2n+1
3+< a ) ( ;(Qn)!a >+( « T;(%H—l)! ’
JL,. JL,.
213+<a 7) (1—cosa)+<a ])sina.
Q @
William & Mary Page 8 of 8 Department of Physics



