PHYS 772 - Standard Model Problem Set 5 Spring 2024

1. Show that the global U(1) symmetry, 1) — e'*y with a € R, of the spinor field theory
1 - _
L= 52’1/}(31/} + h.c. —myp,

leads to a conserved current J* = 1¢y*1). Show explicitly that this current is conserved.

Solution: Under the U(1) transformation, the fermion fields transform as
bl = e,
=9 +ia + O(a?),

Ew+a%+(9(a2),

and for the antifermion field

o = ey,
= —iarp + O(a?),

L 2
— 40
Y+as-+0(),
where we defined §¢/da = i) and §/da = —itp. From Noether’s theorem, the conserved

current is given by

5L & 6 oL
50,0 b da 5(0,)

The Lagrange density is £ = %1/_17“5‘#111 — % #1/_17“1# — mah, so

oL i - oL 7
= —hyH =AM ,
5(0,0) 5 ¥ 5(0,0) 3 VY
which gives the current
gu_ 0L b 50 6L

5(0,0) s da 5(9,0)

=- (;W“) (iv)) — (=) (—;7%) )
=Py

The current is conserved, 8,,J* = 0, which can be shown explicitly,
0uT" = Ou(n"),
= (@J})W”w + J”Y”(aud)) :
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Recall the Dirac equation, (id—m)p = *(d,1b) = —imap, as well as the conjugate equation,
(0u9)v* = imap. So, we have

OuT" = (0,00)y" + Py (1)),
—0.

Therefore, the current is conserved.

2. Derive the classical equations of motion for spinor electrodynamics given the Lagrange density

L

1. - . 1
ilwww + h.c. — m’l/)?/) — ZFIL,LVFMV y
with D, = 0, +iqA, and F,, = 0, A, — 0,A,, and the Euler-Lagrange equations

o (9L \_ oL o (9L _ oL 5 5L\ oL
“(6@h¢o>“6w’ ”(6&%&))“6&’ #<6«nfn>)“6Ay'

Solution: Rewriting the Lagrange density as
i- i - - 1 -
L= 51/)7“(8#1/}) - 5(8u7/’)7u1/) —myyp — ZF#VFHV — gAY,

we can find the classical equations of motion by direct evaluation. Let us first obtains the
equations for the v field, which come from the Euler-Lagrange equations as

oL i i
o (7)o (-50) = -

oL i

50 2

Combining together, we find the equations

Y (Ou) — mip — qA ).
—%vﬂa,m = %7”(3;@) —map — gAY,

= (i —m —qd)y =0.
For the 1) field,

oL i~ i -
% (s) =2 (577°) = 305

oL

50 = —%(%i)v“ —mip — qApy*
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Combining, we find
i _ _
Ougyt = =5 (8" —map — q Ay

= zz?(i<5+qA+m):0.

Finally, for the electromagnetic field, we find

oL 1 oF
_ _ - af3 af
(i) 1% (55 )

1 o g
= —58“ (F ﬁé(i(aaAﬂ - aﬁ’Aa)) )

0uAy)
1
_ = af v Spsy
= —50 (F (5555 55%)) :
1 iz v
= _§8H (F -F ) )
= —0,F",
where in the fourth line we used F*#* = —F"”. For the potential term,
oL -
G4, -y,

from which we arrive at
auFHV = Cﬂhylﬂ .

Therefore, the classical equations of motion are

(iF—gh—mpp =0, GGT+ah+m) =0,  O.FM = qino.

3. An alternative Lagrange density for the classical free electromagnetic field is
1
L= 753#141, orAY.

(a) Under what assumption does £’ yield the free inhomogeneous Maxwell equations?

Solution: The free inhomogeneous Maxwell equations are J,F*” = 0. Since F* =
OFAY — 0¥ A*, we have

0= 8 F™ = 9,(0"A” — & A¥)
— 1, A — ¥ (9, A",
— AV — 9"(D,A") =0,

So, the free inhomogeneous Maxwell equations, in terms of 4,,, are A" — §” (9, A") = 0.
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Now, for the Lagrange density £ = —%GMAVGMA”, we can derive the equations of motion
through the Euler-Lagrange equations,
( oL
Ay)

-5
~ o [tz (o) =
a0 -

71 6(8 ) a AB leY ﬁ aAﬁ)
SO0 (5@ V)a A% 494

<—;aaAﬁaaAﬁ) :

~0y (555; 8“A5) =0
= 9,0"'A” =0.

Therefore, we find that the equations of motion are 824 = 0, which differs from 924" —
0" (0,A") = 0 by a four-divergence 9¥(9,A*). Therefore, the assumption that £’ yields
the free inhomogeneous Maxwell equations is the Lorentz gauge condition, d,,A* = 0.

(b) With this assumption, show that £’ differs from £ = fiF,WF ¥ hy a four-divergence.

Solution: Starting from the definition,

1 v
EZ —ZFHVF“ 5

= —%@AU — 0, A,) (" A" — 9" AP),

1
= —5(0,A,0" A" — 8,4,0" A"),
1 AV 1 VAR
R S e

=L+ %aﬂAyaVAu

Note that 0,(A,0"A*) = 0,A,0" A" + A,0,0"A* = 0,A,0"A* + A,00, A", where in
the last equality we used the fact that the derivatives are symmetric on the second term.
Moreover, we can rewrite the second term with 8,(4,0,4*) = (9,A")*> + A, 0”0, A".
Relabeling the summed indices on the second term, p <+ v, and combining with the first
relation we obtain

Ou(AYO" AF — AFQ,AY) = 0, A, 0" AF — (0, A")?.
So, substituting this into £ = £’ + %3#14,,8”14”, we have

L=C+ %@(A"@”A“ — A1, AY) + %(@AMF .

So, £ differs from £’ by a four-divergence so long as we restrict £ to the Lorentz gauge,
O A" = 0.
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4. Verify that the field strength tensor F),,, can be computed through the commutator igF,, = [D,,, D,].

Solution: Evaluating the commutator against some test function ¢,
(D, Dyl = [0 + iqAu, 0, +iqAulp,
= [Ou, Ol + iq[0,, Al + iq[Ap, D) — P [Au, Al
= iq[0u, Avl + iq[Ay, O],
= iq (0u(Avp) — AvOup + Ay — 0, (Aup))

where in going to the third line we used that 0,0, ¢ = 0,0,¢, and [A,, A,] = 0. Now, 0,(A,p) =
(0uAL)p+ A,0up and 0, (Aup) = (0, AL)e + ALdye. So,

E

i [Dys Dol = 0u(Avp) — AvOup + Ay — 0 (Augp)

= (0,AL)p + A0 — A0 + A0, — (OLAL) 0 — Ay,
= (0,4, —0LAL)p,
=Ly,

so we conclude that igF),, = [D,,D,].

5. Show that the radiative transition, e~ — e~ + =, is forbidden in vacuum.

Solution: Let us defined the following kinematics,

e (p) = e (p)) +(k),

where p = (E,p), p’ = (E',p’), and k = (w, k) are the four-momenta of the incoming electron,
outgoing electron, and outgoing photon, respectively. In vacuum, each of these particles are on
their mass-shell, p? = p’?> = m?2, and k? = 0. The S matrix element is given by

S(e” = emy) = 2m)* W (p—p —k)iM(e™ = e7y),

where the delta function enforces conservation of four-momentum, p = p’ + k and M is the
amplitude. The leading order amplitude is non-zero, given by iM = —iet(p’)fu(p) + O(e?).

Let us examine conservation of four-momentum, which in terms of its components are £ = E'+w
and p = p’+k. Let us choose to evaluate the amplitude in the rest frame of the initial electron, so
p = 0, and E = m,. Therefore, by conservation of energy and momentum, we have m, = F' +w
and p’ = —k, respectively. Since the particles are on-shell, we further have E' = /m2 + p’?
and w = |k|. Combining these results, conservation of energy imposes the condition

me = /mE I+ k]

This condition is only true if k = 0, that is there is no photon emitted. We conclude that
conservation of momentum forbids this reaction, giving S(e” — e~ 7y) = 0.
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6. Consider “Bhabha scattering”, e"et — e~e™, within QED in the high-energy limit, i.e., the ultra-
relativistic limit m2/s — 0. Compare the experimentally measured unpolarized differential cross-
section to the theoretical prediction at leading order in @ = €2 /47, the fine-structure constant.

(a) Working in the center-of-momentum (CM) frame, what are the energies and momenta of each
particle in the reaction as a function of the Mandelstam invariant s? What is the invariant
momentum transfer, ¢, as a function of s and cos§ where 6 is the scattering angle?

Solution: Let us define the following kinematics in the CM frame, consulting the results
from Problem Set 2,

e (p)+et (k)= e (p)+e(K),

where p = (E,p) and p’ = (F,p’) are incoming and outgoing electron four-momenta,
respectively, and k = (E,k) and ¥’ = (E,k’) are incoming and outgoing positron four-
momenta, respectively. Note that since all particles have equal mass m., they all have
identical energy, E = 1/s/2. Further, all the momenta obey p = —k and p’ = —k/, so their
magnitudes are also identical,

1 s
pl = k| = p'] = | = L /5 dmZ = L* 4 O(m/s).
= E+0(m2/s)
So, each particles energy and momenta are E = |p| = /5/2 as m2/s — 0.

Also, note that the Mandelstam variables are s = 2p-k, t = 2p-p’, and u = 2p - K/, with
the constraint s + ¢ + u = 0 in the ultrarelativistic limit, so we have

t = =2|p|*(1 — cos @) = —2E%(1 — cosh) = —g(l —cosb).

(b) Compute the unpolarized differential cross-section do/d€2, where € is the solid angle of the electron
in the e“e™ CM frame, to order o in terms of the Mandelstam invariants s and ¢.

Solution: Here we consider the reaction,
e (ps)+et (k) > e (P, s) +el (k).

where the momenta are as defined in part (a), with s and s’ are the spin projections
(helicities) for the incoming and outgoing electrons, while r and 7’ are the helicities of the
incoming and outgoing positrons.

The unpolarized differential cross section is given by
do_ 1
dQ)  64rws

where the spin-averaged amplitude, (|M|?), is defined by

(M) = ;z;zzg Mierer > eet

(IM[%)

/
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At leading order in the QED coupling, there are two diagrams which contribute to e~e™ —
e~eT. The amplitude is then

where we have defined the annihilation amplitude M, (associated with the first diagram)
and the ezchange amplitude M; (associated with the second diagram), and used that
e? =4ra, s = (p+k)?, and t = (p — p’)%. Note the relative minus sign on the exchange
diagram is due to the exchange of an incoming positron and outgoing electron from
the annihilation diagram. From here forward we implicitly assume an ie shift in the
propagators.

For the cross-section, we need the spin-averaged amplitude,

(IMPy= 735 MM,

- ol !
s,s’ r,r

1
=722 D (M + [Mf? = MIM; = MiM.) +O(a?),

’ ’
s,s’ r,r

!’ !
s,s" r,r

We then evaluate the spin sums on the squared amplitudes using Casimir’s trick. Focusing
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first on | M,|?,

ML = (222} e ) 0 0 o 8 o ) 01

= (7)o 0 ] T e 1 (0620 s 1)
- (47TSO[) [ES(p)'YHUr(k)][T)T’(kI)'VMUS’ (p’)][f}r(k)q/”us(p)] [QS’(p/)'YVUT’ (k/)],

where we used (Ey*0)T = (y#¢ using (%) = 709#40 for ¢ and ¢ being either a u or v
spinor. Summing over spins,

Z Z\M % o Z Z s (p)y*vr ()] [0 (K )yt ()] [0 (k) ws ()] [ () v (K]

= Z s (p)Y" v (K) 0 (k)7 s ()] D [0 (K )yt (9 )isr (0 )y 0 ()],
= Ztr ué fy Ur fy u‘S Z tr UT ’yuus (p/)asl (p’),wv,./(k/)] ’
= Ztr [ on ()0, (k)7 s (p)tis (p)] Y tr[yutsss (0 s () (K )0 (K]

= tr[y" vy pl ey v K |

where we used the completeness of the spinors in the high-energy limit,
Z Us (p)ﬁs (p) = ]ﬁ = Z Ur (p)ﬁr(p)
S T

Evaluating the traces, using tr(y#y”yP~7) = 4(g"*" gP? — ghPg¥? + g7 g¥*), we find
tr[y k" pl = 4 (p"k* + pHE — g"'p k),
trfyp k'] =4 (p, k), + p ki, — g’ - K .
Contracting these traces,
tr[y By pl ey Py K] = 16 (07 R+ pUEY — 9" k) (P ks, + ks — gt K
=32(p-pk-K+p-kKk-p),
=38 (t2 + u2) ,

where we used s =2p-k=2p - k', t=2p-p =2k -k',and u=2p- -k =2k-p'. So, we
have for the annihilation term

1 9 9 o [P+ u?
S zgzm( ey

! ’
s,s’ r,r

William & Mary Page 8 of 13 Department of Physics



PHYS 772 - Standard Model Problem Set 5 Spring 2024

Next look at the exchange term |M|?,

dra\?
M = () 000 O [ )0 01 o 0620 (B )]

- (4”) e (K 0 () e ()t ()]0 ()7 e (R (0 s ()]

t

so that the spin sums are

Z Zlf\/ltl2 x Z Z 0y (K7 o (8)] s (p) e ()] [0 ()Y 0 (B [t (0 )yt ()]

= Z P vtter (0) i (0 Yyt (0)] 3 [0 (K17 00 (B) T ()0 ()]
= Z tryus ( 'Yuué Ztr v v (k E)yH o (k/)ar’(k‘/)] )

= trfyp yupl tr[y” By K]
We now contract the traces,
tr(y, ' vupl trly” By K] = 16 (pVp™ + pHp” — g"p D) (kuk], + Kkl — gk - k')
=320 Kp-k+p-Kk-p),
=38 (32 + u2) .

So, the exchange term yields

4ZZ|Mt|2—327T2 2<S + v’ > .

SS ’l"’l’

Finally, we evaluate the interference term

Re (MiM;) = @ [0 (F)v s (p)]* [ (") ypvrr (K] [0 (k)Y 0 (K)][@sr () v s ()]
- (47;?) (s (p)y" vr (k)] [0 (K" )yusr (0")] [0 (B)y" vpr (K [tsr (0 )70 us (0)]
_ (42?) (125 (p) V" vy ()0 (k)" 0 (k)0 (K )yt (p) s (p) s (p)]
B (47;?) tr(is (p) " vr (k)0 (k)" vr (k) 0y (K )y (0 s (9 ) y0us (p)]
(471'04)2 i = v AY> / N / U
= st trh/ ’Ur(k)vr(k>'y 'Ur’<k )'Ur’(k )’)/Hus' (p )us’ (p )’71/“5 (p)us(p>] .
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Evaluating the spin sums,

YD Re(MiMy) oc DY trfy v (K)o (k)y" vy (K)o (K )y (9 )t (9 s (p) 1 (p)]

s,s’ r,r! s,s’ rr!
= tr(V" kY Ky vp) -

Note the identities Y/y" vy, = —2974P~Y, ¥H4"yPy, = 4¢"P 14, and tr(y*") = 4¢9M
can be used to simplify the traces,

tr(V Ry K v vp) = =2t (v kg v K p)
=8k p'tr(K'p),
=-32k-p'k -p,
= —8u?.
So, the interference term yields
i; ; 2Re (M*M,) = —321%a? (2::> .

Combining these terms, we find for the spin-averaged amplitude

2+ u? 2 4+ u? 2u?
5 + ] +0(a?),

2\ __ 2 2
(M2 = 3272 ( B 9

which gives for the unpolarized differential cross-section

do 1 5

a0~ oams M)

o? [t? 4+ u? s% + u? " 2u?
2s 52 12 st

= g—z ((2)2 + (‘;)2 +u® (i + 1)2> +0(a?).

Since s+t +u = 0, then u? = (s +t)?, so we write the cross-section in terms of s and ¢ as
do  o? £\ s\ s\° t\?
—=—(- - 1+ - 1+ - O(a?).

(c) Make a Semi-log plot of the O(a?) theoretical do/dQ2 vs. cosf € [-.8,.8] for each CM en-
ergy s/ GeV = {14,22,34.8,38.3,43.6}. Plot the cross-section in nb, and restrict the y-axis
to (do/d€)/nb € [0.001,10.000]. Plot the experimental data, measured from the TASSO ex-
periment at PETRA, for each of the CM energies over the theoretical curves. Compare and
comment on the quality of the theoretical description of the experimental data. Note: The

> +0(a%),
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data file presents the cross-section as s - do/d2. The data file was obtained from HEPData at
https://www.hepdata.net/record/ins249557. The article by the TASSO collaboration may be
helpful, https://link.springer.com/article/10.1007/BF01579904.

Solution: To compare the cross-section to data, we note that t = —s(1 — cos§)/2, so the
ratio t/s = —(1 — cos#)/2. So, we have

do  o? t\? s\ s\° > 3
e (0 (2 () (1)) o
a? (1 4 1 /1+cosf)> 2 3
=— (1 —cosf)? st (I4+cos0)” | + O(a”),
2s 4 (1 — CoSs 0) 4 \'1—cosf

2 _ 4
_ o 16 + (1 — cos6)* (1 + cos0) L 0®d),
(1 — cos )’

:oﬁ 16 + 2(cos? 6 + 6 cos® 0 + 1) + 0%,
(1 —cosf)?

B a? <3+cos20

> ) ot

1—cosf

where we used (142)* = 224423+ 622442+ 1 to obtain (1—2)*+(1+2)? = 2(2*+622+1)
in the fourth line.

We can now plot do/dQ) as a function of cos for each s. Since the TASSO data are for
Vs > 14.0GeV, we find (m.//5)? = (5.11 x 107%4/14.0)2 ~ 1 x 1079, so we expect the
ultrarelativistic approximation to hold with respect to the precision of the experimental
data. Figure 1 shows the cross-section do/dQ at \/s/ GeV = {14,22,34.8,38.3,43.6}, as
well as s - do/df) in the second plot. Note that to obtain the physical cross-section in nb,
we multiply the theoretical cross section by (hc)?. Overall the quality of the description is
ver well.

William & Mary Page 11 of 13 Department of Physics


https://www.hepdata.net/record/ins249557
https://link.springer.com/article/10.1007/BF01579904

PHYS 772 - Standard Model Problem Set 5 Spring 2024

10.0000 ¢
1000 ¢
|H L
B 1.0000 G @
| E N
4 r K
0.1000 ¢ 2
~ £
o - 100:
o
3 — g
0.0100 ¢ Ny
F =t
»
0.0010 1 1 1 | 10 1 1 1 |
—-0.8 —-04 0.0 0.4 0.8 —-0.8 —-04 0.0 0.4 0.8
cos 0 cos 0

Figure 1: The unpolarized differential cross-section (left) and s - do/dQ (right) for
each energy compared with the TASSO data.

(d) Make a plot of the ratio of the experimentally measured differential cross-section to the lead-
ing order QED prediction as a function of cosf € [—.8,.8] for each CM energy /s/GeV =
{14,22,34.8,38.3,43.6}. Restrict the y axis between 0.5 and 1.5. Compare and comment on the
quality of the theoretical description of the experimental data. Hint: Plot each energy on a
separate plot to see if you notice any subtle trends.

Solution: Here we normalize the experimental cross-section by the leading order theory.
Figure 2 shows the ratios for each energy. Here we see some discrepency with the leading
order QED theory near the backward direction (cosf ~ —1). We will see a greater dis-
crepancy for e“et — pu~pT and e“e™ — 77T in the subsequent problem set, which is
due to the presence of Z% boson intermediate states.
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Figure 2: The ratios of the experimental TASSO data with respect to leading order

QED theory at each energy.
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