PHYS 772 - Standard Model Problem Set 10 Spring 2024

1. Consider the Abelian Higgs model, with the symmetric Lagrange density given by

. oA 1 )
L= (Dup) (Do) + 1*¢"0 = 2(079)* = T Fu I,
where F,, = 0, A, — 0,A,, D, =0, + iqA,. This theory has an unstable extremum at ¢ = 0, and is
invariant under global U(1) transformations, ¢ — €@y and A, — A, — ¢ 19,0

(a) Let o(x) = %r(x) (@) where 7(z), 6(x) are real scalar fields. Show that the Lagrange density
h

in terms of these fields is

1 1 A 1 ,
L= §8ur oMr 4+ 57“2(8”9 +qA,)? — I(TQ —a?)? - ZFWFH + const. ,

where we have ignored non-dynamical constants. What is ¢ in terms of the theory parameters u,
A, and g7

Solution: Taking the covariant derivative on ¢,

1
DH()O = ﬁ
= ia (T(I)eie(z)) + LiqA ,r(x)ei@(z) 7
Nole V2 i
1 ' ' : 1 ,
= — Mr(q;)eze(w) + Lr(x)aue(l') (@) 4 ﬁiunNx)ew(x) 7

V2 V2

- % 0,ur(x) + ir(x) (9,0(2) + gA,)] 9@ .

Similarly, we also find

(0 + iq A )r(x)e ™),

% 1 . —i6(x

(Dup)* = 7 [0,r(w) —ir(x) (9,0(x) + qAu)] e~

thus the kinetic term is
. 1 . .
(Dup)™(DHp) = 5 [Our(z) — ir(z) (8,0(2) + ¢Au)] [0"r(2) + ir(z) (0"0(x) + qA)]
1 [ 1 2 A 2

= 56111"6 T (0uf + qA,)”.

Trivially, p*p = r2/2, so the Lagrange density is
1

1 1 1 h V
L= 56#7"3”7’ + 51"2(8”0 + qA“)2 + §u27’2 - IT4 - ZF/“,F“ .
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Completing the square on the potential terms, we find

Loo Aa_ A4 61”5
L TL T} Tt —=2—7"),

A

2
i

2
T faQ) -+ const. ,

where in the last equality we identified a = /6u2/A, and discarded the irrelevant non-
dynamical constant.
Combining this with before, we find the Lagrange density

1 1 A 1 ,
L= §8ur otr + 57“2(8“9 +qA,)? — I(ﬁ —a%)? - ZFWF“ + const. ,

as desired.

(b) Expand the theory about the true vacuum of the theory, r(z) = a + p(z), 6(x) = 6(x), Au(z) —
A, (x). Write each term of the new Lagrange density in terms of the fields p, A, and §. Determine
the mass of each field in terms of the parameters of the theory p, A, and ¢, and the vacuum
expectation value a.

Solution: Expanding the theory about the true vacuum, r(z) — a + p(x), we find for the
kinetic term,

%@Lr oHr — %%(a +p)oH(a+p) = % L0 0" p,
and

1
5#@9 +qAL)? — ~(a+p)*(0.0 + qAL)?,

1
2

1 1
= 50L2(8N9 + qAH)2 + ap(0,0 + un)Q + 5/)2(8“9 + qAM)2 ,
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For the potential term, we find

5 St o) — ey

A
= =517 +2ap)*,

A
= (0" +dap” + da%p?),

A, da A

L
Combining all these terms, we find after spontaneous symmetry breaking

-1

1 1
5 0P p+ §a2(5‘u9 + un)z + ap(9,0 + un)2 + 5/’2(8#9 + un)Q

PY/SEP D VA N |
— 2t CF, M.
N T L

The mass of the 6 field is zero, while the mass of A, field is m4 = ag, and for the p field
it is m, = V2.

(c) Eliminate the mixing term, 0,0 A", by choosing the unitary gauge, A, — A, — ¢~ '9,0. Write
down each term of the Lagrange density in this gauge.

Solution: Under the unitary gauge transformation, 4, — A, — ¢~ 19,0, we find that the
F,, F" term is invariant, while all terms with (8,0 + ¢A,)? — (qA,)? = ¢*A, A*. Thus
the Lagrange density becomes

1 1 )
L= 3 upO'p — ZF“”FH

1 1
+ §a2q2A#A“ + apq2AuA“ + §p2q2AHA“

Aa? 5 da 5 Ay
ST Ta

Let ma = qa, m, = \/2u where A\a?/6 = p?, we can write the theory in terms of the
masses and the Higgs v.e.v. as

1 1 1 L1
L= 5 Hpaup - im?)pz - iF/,LVFH + §m2AA#AM
2 2 2 2
my M3 o My 3 My 4
—Lp A AP+ —£p7 A AP — - .
+ a paRAT 2a2p " 2ap 8a2p

(d) Write the Feynman rules for the Abelian Higgs model in the unitary gauge.
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Solution: We can read off the Feynman rules from the Lagrange density in part (¢). The

propagators are

—_—> =

1

D p?—m2 +ie’
U A~~~ vV _ —1 p _pupy )
D p2—m? +ie \""" m% )’

The Higgs-gauge boson interactions are

I
2m?
_ A v
------ =i1—=g"";
a
v
R Iz
N
N
A
2
'R o .2my uw
, =1 2 g )
. a
7’
4
7
4
v
The Higgs self-interactions are
d
7’
4
e 3"7’7/127
______ « =—i—2;
N a
N
N
N
Y
N .
\\ ’
7’
A
AN e 3ml2)
/( =t 2 7
P a
’ N
’ A
’ Ay
’ N

2. Recall that the decay rate for an X — n reaction in the X particle’s rest frame is

1 n
j=1
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where the n-body differential phase space is defined by

n
Px —Y_p;
j=1

as@ [0 N
@m)*s | px =3 _p; H 27r 32Ek

j=1 k=1

with each momentum being p; = (E;,p;) and S is a symmetry factor for identical particles. Show
that for a two-body X decay, the decay rate is given by

A(X = 1+42) = 25 (MP) < if' 0,

X

where |p| = AY/2(m%,m?,m3)/2mx and Q are the momentum and the solid angle of particle 1.

Solution: From Problem Set 2, we know that the two-body Lorentz invariant phase space in
the CM frame is given by

1 |p| d@
Sdm\/s 4’

dd, =

For the decay of particle X in its rest frame, /s — mx, so that we may readily find

1

1 |p| dQ
dF(X—>1+2)=2mX<|M|2> el

S dmmx An

b

1 1 |p|

- 327T2<|M‘ >Sm dee,

X

as desired.
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