
PHYS 772 – The Standard Model of Particle Physics

Problem Set 8

Due: Tuesday, April 08 at 4:00pm

Term: Spring 2025

Instructor: Andrew W. Jackura

1. Can the following hadrons, in principle, exist within QCD? (a) qq, (b) qqq̄, (c) qqq̄q̄, (d) gg, (e) qqg,
(f) qq̄g, (g) qqqqq̄. Hint: Consider SU(3)c symmetry transformations of observable hadrons. Gluons
transform under the adjoint representation of SU(3)c.

2. Consider a non-abelian gauge field Aµ ≡ Aj
µ Tj , where Tj ∈ su(N) are generators satisfying the Lie

algebra [Tj , Tk] = icjklTl with cjkl being structure constants and j, k, l = 1, 2, . . . , N2 − 1. Under a
local gauge transformation, U = exp(iαj(x)Tj) where αj(x) ∈ R for every j, the gauge fields transform
as

Aµ → UAµU
−1 +

i

g
(∂µU) U−1 .

Show that under infinitesimal transformations, αa(x) ≪ 1, the gauge fields transform as

Aj
µ → Aj

µ − 1

g
∂µα

j(x)− cjkl α
kAl

µ +O(α2) .

3. The SU(3)c Yang-Mills Lagrange density for interacting gluon fields is given by LYM = − 1
2 tr (GµνG

µν),
where the field-strength tensor is defined as Gµν = ∂µAν − ∂νAµ + igs[Aµ, Aν ] with Aµ = Aa

µ λa/2 are
the gluon gauge fields and λa are the Gell-Mann matrices. Write the Lagrange density as a free part

L(free)
YM and an interacting part L(int)

YM which depends on the strong coupling gs.

4. We can learn about the structure of hadrons through interactions with electromagnetic probes. Con-
sider elastic e−p → e−p for incident electron energies Ee ≫ mp. At leading order in the QED coupling,
the process is dominated by one-photon exchange. The QED vertex for the proton can in general be
written as

Γµ
p (P

′, P ) = γµF1(Q
2) +

i

2mp
σµνqνF2(Q

2) ,

where P and P ′ are the initial and final momentum of the proton, respectively, and q = P ′ − P is the
momentum transfer by the photon with virtuality Q2 ≡ −q2. The form-factors F1 and F2 encode all
the non-perturbative QCD interactions with the photon.

(a) Show that, in the initial proton rest frame, that the ratio of the final to initial electron energy is

E′
e

Ee
=

󰀕
1 +

2Ee

mp
sin2

θ

2

󰀖−1

,

where Ee and E′
e are the initial and final electron energies, respectively, and θ is the scattering

angle defined with respect to the incident electron momentum.
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(b) Show that, in the initial proton rest frame, that the differential cross-section is

dσ

dΩ
=

α2

4E2
e sin

4 θ
2

E′
e

Ee

󰀗󰀕
F 2
1 +

Q2

4m2
p

F 2
2

󰀖
cos2

θ

2
+

Q2

4m2
p

(F1 + F2)
2
sin2

θ

2

󰀘
,

where Ω is the solid angle defined in the initial proton rest frame. Hint: Use the Gordon identity
to rewrite the proton-photon vertex as

Γµ = γµ (F1 + F2)−
(P ′ + P )µ

2mp
F2 ,

for simpler trace relations.

(c) Simplify the differential cross section for following limits: (i) the static source limit mp → ∞, and
the (ii) structureless proton limit.

(d) The Mott cross section (modified for proton recoil) is that of an electron on a spinless target,

󰀕
dσ

dΩ

󰀖

Mott

=
α2

4E2
e sin

4 θ
2

󰀕
E′

e

Ee

󰀖
cos2

θ

2
.

Show that the electron-proton scattering cross section can bet written in the Rosenbluth form as

dσ

dΩ
=

󰀕
dσ

dΩ

󰀖

Mott

󰀗
G2

E + τG2
M

1 + τ
+ 2τG2

M tan2
θ

2

󰀘
,

where τ = Q2/4m2
p and we have introduced the Sachs electric and magnetic form factors,

GE = F1 − τF2 , GM = F1 + F2 .

The Sachs form factors are often easier to measure, and offer interpretations for Fourier transforms
of electromagnetic charge distributions. Show that GE(0) = 1 (unit proton charge) and GM (0) =
µp (proton magnetic moment).
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